Contents

Part | Introduction
1 INErOAUCTION ..ottt 3
11 The AimM 0fthe BOOK ...t 3
12 Implementation of Linear Mixed-Effects Models in R ................... 3
1.3  The Structureofthe BOOK......cccoi i 5
14 Technical N OTES ..o s 8
2 C8SE STUTIES. ..ottt bbb e n
2.1 INErOAUCTION. .. n
2.2 Age-Related Macular Degeneration Trial......ccccocvieveiieienicinenenns 12
221 RAW DaAtA..ciciiiiiceeeec e 13
2.2.2  Data for ANalYSIS ..o 14
2.3 Progressive Resistance Training StUdY .......cccccveervieniiinsieneinnennns 20
2.3 1 RAW Dal@.iciiiiiiiiiere e 20
2.3.2  Data for ANalysiS ...ccccceveiiiiiiiiesisse e 22
2.4 The Study of Instructional Improvement Project .........ccccccovveuneen. 24
241  RAW DAlA ...oooiviiiiieicie e 24
2.4.2  Datafor AnalySis .....ccccecvvieiiiiinninine s 26
2.4.3  Data Hierarchy ......ccccocevieieiniiiise e 28
2.5  The Flemish Community Attainment-Targets Study.........c.cccuenee. 31
251 RAW DA ...cooviveivieieiiieie e 32
252  Datafor Analysis .....cccecvviiiiiiiiisesecsense e 34
2.6 Chapter SUMMAIY ....ccccceiviierieiieie e e s 34
3 Data EXPIOration ...t 39
31 INEFOAUCTION. . 39
3.2  ARMD Trial: Visual ACUItY ....c.ceoiiiiireeirece e 39
3.2.1  Patterns 0f MisSing D ata.......ccccovoeeeirnnienerenrceseee e 41
3.2.2  Mean-Value Profiles ... 42

3.2.3  Sample Variances and Correlations of Visual
ACUItY MEaSUrEMENTS......ccuveriririeereeriee e 45



5.6  Tests of Linear Hypotheses for Fixed Effects ........cccovieiiinnnns 109

5.7 Chapter SUMMAIY ..o 110
ARMD Trial: Linear Model with Homogeneous Variance................... 113
6.1 INtrOUCTION .ooviviiceicece e e 113
6.2 A Linear Model with Independent Residual Errors
With HOMOQeNeous VarianCe.......ccoccvveviiciiereeeisie e 113
6.3  Fitting a Linear Model Using the Im() Function ........ccccoceeveenee. 114
6.4  Fitting a Linear Model Using the gls() Function.......cccceevvvuenene 119
6.5  Chapter SUMMAIY ....cccccoiiiiiiieicece e 120
Linear Models with Heterogeneous VarianCe......cccoceevvervviereeesieiesnnnnns 123
7.1 INrOAUCTION oo 123
7.2 Model SPeCifiCation ........ccccovievieiiiiiiieseee e 124
7.2.1 Known Variance Weights ..o 124
7.2.2  Variance FUNCLION .....cccoceivieiiice e 125
7.3 Details of the Model Specification..........c.covvevviiiinciiiise s 127
7.3.1  Groups of Variance FUNCLIONS......cccceevveiviinnicise e 127
7.3.2  Aliasing in Variance Parameters ........ccccccovveivsiereeiesienens 129
T4 ESHMALION ..o 130
7.4.1  Weighted Least SQUAIES ......ccccvveveesereeiesiseseeesiesessenens 130
7.4.2  Likelihood Optimization......ccccoeeeveiinienisinniie e 131
7.4.3  Constrained Versus Unconstrained
Parameterization of the Variance Parameters................... 135
7.4.4  Uncertainty in Parameter Estimation .............cccocveiiiienne 135
7.5  Model DIiagnoStiCS..coiiiiiiiirieirieiseiee et 136
7.5.1  Pearson Residuals .......cccocooeriiiiiiiiicieienessnsie e 136
7.5.2  Influence DiagnoStiCS .....ccccoeiveiriiieiinirisiee s 137
7.6 INTEIENCE o 138
7.6.1  Tests of Statistical Significance........cccoeevveiiiiviierieenn, 138
7.6.2  Confidence Intervals for Parameters ...........ccevverveernnn. 140
7.7  Model Reduction and Selection.......ccccoviveiivciiccice e, 140
7.8  Mean-VarianCe M OdelS......ccovviiiivreiiiieiciee s 141
7.8.1  ESHMALION ..ocoovciiciciciceseec e 141
7.8.2  Model Diagnostics and Inference .......cccocovievvivvenennne 145
7.9 Chapter SUMMATY ..o 146
Fitting Linear Models with Heterogeneous Variance:
The glSO FUNCLION ..ot 149
8.1  INtrOUCLION oot 149
8.2  Variance-Function Representation: The varFunc Class ................ 149
8.2.1 Variance-Function Constructors.......ccocecvvevvveivsierveiereerennnns 150
8.2.2 Initialization of Objects of Class varFunc ...........ccceu..... 151
8.3  Inspecting and Modifying Objects of Class varFunc .........c....... 152

8.4  Using the gls() Function to Fit Linear Models
With Heterogeneous VarianCe ..........cccccveeveienereeieneneseieseseseseenens 154



8.5  Extracting Information From a Model-fit Object

OF ClaSS G IS it
8.6 Chapter SUMMAIY . cciioiiiiicii ettt
ARMD Trial: Linear Model with Heterogeneous Variance................
9.1 INtrOAUCHION .o
9.2 A Linear Model with Independent Residual Errors

and Heterogeneous VarianCe .........ccoocoerreienerrecenesiseeeseseeseeeens

9.2.1  Fitting the Model Using the gIs() Function...................
9.3  Linear Models with the varPowerO) Variance-Function...............

9.3.1  Fitting the Models Using the glIs () Function.................

9.3.2  Model-Fit Evaluation ...
9.4 Chapter SUMMANY ..ooccoieeieieiiceee et sannens

Part Il Linear Fixed-Effects Models for Correlated Data

10

11

Linear Model with Fixed Effects and Correlated Errors....................
101 INEFOAUCTION...c.iieicee e
10.2  Model SPecCifiCation.......ccocciieiiericcsee s
10.3 Details of Model Specification
10.3.1  VarianCe StrUCTUIE .......ccecveieieeicieceeeee et
10.3.2 Correlation StrUCTUTE.......coveuvieeieieeeeceeeee e
10.3.3 Serial Correlation StruCtures.........ccceeeeeeeeceeeeecrecieeene
10.3.4 Spatial Correlation Structures ........cccocevvevernievcinsereseennens
10.4  ESHMALION eoiviieiceicieee ettt
10.4.1 Weighted Least SQUAIES ......ccccocvvivvreeereereseesinneinsieneseens
10.4.2 Likelihood-Based Estimation ...........ccccceveeeieeiecncnennee.
10.4.3 Constrained Versus Unconstrained
Parameterization of the Variance-Covariance

IMIAEFIX ettt
10.4.4 Uncertainty in Parameter Estimation ..........c.cccoeevenvennn.
10.5 Model DiagnoStiCS....cciiirieireriseririiete e
10.5.1 Residual DiagnoStiCS.....ccccvriiiiriiiesiirieieieseie e
10.5.2 Influence DiagnoStiCS ....cccvvevveviiiiesiciresecee e
10.6 Inference and Model Selection.......ccco i
10.7 Mean-Variance Models.......ccoceonnnriinnncnnnicnenn
10.8  Chapter SUMMAIY ..oocccvceviiiceeesee e
Fitting Linear Models with Fixed Effects and Correlated Errors:
The gls() FUNCLION i
121 INErOAUCTION. .o
11.2 Correlation-Structure Representation: The corStruct Class...........
11.2.1 Correlation-Structure Constructor Functions ...................
11.3 Inspecting and Modifying Objects of Class corStruct ...................
11.3.1 Coefficients of Correlation Structures..........ccccceeeevrurienene.
11.3.2  SEMIVAriOgraM . .ccccuceeiiireeeeie et
11.3.3 ThecorMatrixO FUNCHiON...ccoveierrrcecee e



11.4  Illustration of Correlation StruCtUresS........coeoeeeirreennnciererrcen
1141 Compound Symmetry: The corCompSymm
ClASS ettt s
11.4.2 Autoregressive Structure of Order 1:
The COTART CIaSS.....cuiiiiririeiiee e
11.4.3 Exponential Structure: The corExp Class
115 Using the gls () FUNCLION ...
11.6 Extracting Information from a Model-Fit Object
OF ClASS /1 1vvvciiieiieis et
11.7 Chapter Summary

12 ARMD Trial: Modeling Correlated Errors for Visual Acuity
121 INErOUCTION oo e
12.2 The Model with Heteroscedastic, Independent

Residual Errors ReVISIted........cccvveviieieieiiie e
1221 Empirical SEmMivariogram........cccovvevevneinseinessesieneseens
12.3 A Linear Model with a Compound-Symmetry
Correlation StrUCTUIE ..cvvveieeieiec e
12.3.1 Model Specification
12.3.2  Syntax and RESUILS ......cccoovviiiiieriiiesiesiie e
12.4 Heteroscedastic Autoregressive Residual Errors
12.4.1 Model Specification
12.4.2  Syntax and RESUILS ......cccevveiiriiiiiiiiesiecie e
12,5 General Correlation Matrix for Residual Errors
1251 Model Specification
12.5.2 Syntax and Results
12.6  Model-Fit DiagnoStiCS....ccovieieierieiiie e
12.6.1 Scatterplots of Raw Residuals ...........ccccoerirriiinnnicinens
12.6.2 Scatterplots of Pearson Residuals ..........ccccocoeienrrrncnne
12.6.3 Normalized Residuals ........ccccocvvievimiriieneiieiesceseseeeenns
12.7 Inference About the Mean STruCtUre..........ccoeivveiieersiesciesersienns
12.71 Models with the General Correlation Structure
and Power Variance Function
12.7.2 Syntax and Results
12.8 Chapter Summary

Part IV Linear Mixed-Effects Models

13 Linear Mixed-Effects Model
131 INtrOAUCTION .ottt

13.2 The Classical Linear Mixed-Effects Model ............cccoeveiivinennn.
13.2.1 Specification at a Level ofa Grouping Factor

13.2.2  Specification for All Data.......ccoceoeerreeeennccienreeeeeens

13.3 The Extended Linear Mixed-Effects Model



14

13.4 Distributions Del'mcd by the y and b Random Variables
13.4.1 Uneonditional Distribution of Random E ffects
13.4.2 Conditional Distribution of y Given the
Random EffectS ...cccveiviriiiiicse e
13.4.3 Additional Distributions Defined by y and b
135 EStIMALION 1ottt
1351 The Marginal Model Implied by the Classical
Linear Mixed-Effects Model......cccocoveineiiiiiiiieiieens
13.5.2 Maximum-Likelihood Estimation
13.5.3 Penalized Least SQUArES .......ccccovvevereeiirieienenenesesie s
13.5.4 Constrained Versus Unconstrained
Parameterization of the Variance-Covariance
MAALFIX oo
13.5.,5 Uncertainty in Parameter Estimation
13.5.6 Alternative Estimation Approaches
13.6  MOdel DiagnoStiCS....cciiiiiiirieieeieie et
13.6.1 Normality of Random Effects ........ccccevvvieiviinnieieiennenn,
13.6.2 Residual Diagnostics
13.6.3 Influence Diagnostics
13.7 Inference and Model SeleCtion.......ccocvvevvieveiiveiic e
13.7.1 Testing Hypotheses About the Fixed Effects
13.7.2 Testing Hypotheses About the Variance-
Covariance Parameters.......cocecreernreecneeesseessiees s
13.7.3 Confidence Intervals for Parameters
13.8  Mean-Variance MOdElS .......ccevvveiiiiiii s
13.8.1 Single-Level Mean-Variance Linear
Mixed-Effects Models
13.8.2 Multilevel Hierarchies ........ccccovveveiiiersienisieneiesere e
13.8.3  INTEIENCE ...t
13.9 Chapter Summary

Fitting Linear Mixed-Effects Models: The Ime() Function
141 INrOAUCTION .ottt
14.2 Representation of a Positive-Definite Matrix:The pciMat Class...
14.2.1 Constructor Functions for thepi/Aiaf Class......c.ccccovueeeee.
14.2.2 Inspecting and Modifying Objects of Class pdM af.........
14.3 Random-Effects Structure Representation:
The reStruCt CIass ..o
14.3.1 Constructor Function for thereStruct Class.........c.cccoeeenee.
14.3.2 Inspecting and Modifying Objects of ClassreStruct.......
144 The Random Part of the Model Representation:
The IMeStruCt ClaSS ..ot
145 Using the Function Ime() to Specify and Fit Linear
Mixed-Effects Models



15

16

14.6 Extracting Information from a Model-Fit Object

OF ClASS/WE ..t
14.7 Tests of Hypotheses About the Model Parameters
14.8 Chapter Summary

Pitting Linear Mixed-Effects Models: The Imer () Function
151 INErOAUCTION. ..ottt e
15.2 Specification of Models with Crossed and Nested
RANAOM EFFECLS ...
15.2.1 A Hypothetical Experiment with the Effects
of Plates Nested Within Machines.........ccccocvvennriicnne
15.2.2 A Hypothetical Experiment with the Effects
of Plates Crossed with the Effects of Machines...............
15.2.3  GeNEral CaSe....cciiieririeririnicieerisie ettt
15.3 Using the Function ImerO to Specify and Fit Linear
Mixed-Effects MOGEIS .....cccoeiiiiiiierr e
1531 The ImerO FOrmula ...
15.4 Extracting Information from a Model-Fit Object
OF ClaSS W B T ettt
155 Tests of Hypotheses About the Model Parameters ............ccceeuennee
15.6 Illustration of COMPULAtIONS .....ccccovieiviiriiie e
15.7 Chapter Summary

ARMD Trial: Modeling Visual ACUItY .....ccccviviivicirerccece e
16.1  INErOTUCTION ..ot
16.2 A Model with Random Intercepts and Homogeneous

RESIAUAI VATTANCE. ..o s
16.21 Model Specification.......cccoveiiiieieseiciesce e
16.2.2 R Syntax and ReSUItS........ccceovvieeiiiiiiiiiie e
16.3 A Model with Random Intercepts and the varPower(-)
Residual Variance FUNCLION.......ccoiiiiiriiicn e
16.3.1 Model Specification......ccccccvveiiiieniiiieescse e
16.3.2 R Syntax and ReSUltS........cccervvveiiriiriii e
16.3.3  DiagnostiC PIOtS ......cccocvveviienieiieeseise e

16.4 Models with Random Intercepts and Slopes and the
varPower(-) Residual Variance-Function
16.4.1 Model with a General Matrix 72
16.4.2 Model with a Diagonal MatrixX 72.......cccceceeeviieneinneinnennas
16.4.3 Model with a Diagonal Matrix 72

and a Constant Treatment Effect ........cccoovvniiiiniieen,

16.5 An Alternative Residual Variance Function: varldent(-)

16.6 Testing Hypotheses About Random Effects
16.6.1 Test for Random INtErcepts .......cccovevvviereeivneinsensereeenans
16.6.2 Test for Random SIOPES ...cccccvvveiiiiivericeree e



17

18

16.7 Analysis Using the Function ImerO ......ccccocevvievecvneievcinneneenenns
16.7.1  BaSiC RESUIS ..o

16.7.2 Simulation-Based /7-Values:
The simulate .mer () Method........ccocevvivveiiiiiiiiienns

16.7.3 Test for Random Intercepts
16.7.4 Test for Random Slopes
16.8 Chapter Summary

PRT Trial: Modeling Muscle Fiber Specific-Force........cccoonvivicnennn
171 INEPOAUCTION .ot
17.2 A Model with Occasion-Specific Random Intercepts

FOr TYPE-LFIDEIS oo

17.21  Model Specification.........ccooviiinrrriiisece e

17.2.2 R Syntax and ReSUItS.......coovrirrrrrre e
17.3 A Mean-Variance Model with Occasion-Specific

Random Intercepts for Type-1 ~ Fibers....inninicenieene,

17.31 R Syntax and ReSUIS........coevrirrrirrererscr s
17.4 A Model with Heteroscedastic Fiber-TypexOccasion-

Specific Random INtercepts.....ooririreie i

17.41 Model Specification ...

17.4.2 R Syntax and ReSUItS.......cocovvoirveireee e
17.5 A Model with Heteroscedastic Fiber-TypexOccasion-

Specific Random Intercepts (Alternative Specification).................

1751 Model Specification..........ccocoviiinniciinrecce e

1752 R Syntax and ReSUILS.......cccovreirireririiere e
17.6 A Model with Heteroscedastic Fiber-Typex Occasion-

Specific Random Intercepts and a Structured

MIBEFIX X, ettt
17.6.1 Model Specification..........ccooviiinnrciiinreee e
17.6.2 R Syntax and ReSUIS.......cccovrriinirreneneere e

17.7 A Model with HomoscedasticFiber-Typex Occasion-
Specific Random Intercepts and a Structured

IMEBEEIX X3, et et
17.7.1  Model Specification.......cccccoovvriiiniiei e
17.7.2 R Syntax and RESUILS........coruerierirrrirrers e
17.8 A Joint Model for Two Dependent Variables.........cccconiniinnnnns
17.8.1 Model Specification.......cccccooriiiinnieeee e
17.8.2 R Syntax and ReSUILS......cccoceveirierceieececee e,
17.9  Chapter SUMMAIY ..ot

S1l Project: Modeling Gains in Mathematics Achievement-Scores ...
181 INErOAUCTION. ..ottt
18.2 A Model with Fixed Effects for School-
and Pupil-Specific Covariates and Random Intercepts
for SChools and ClasSes........ccciiirei i e
18.2.1 Model Specification........cccovvvveienece s
18.2.2 R Syntax and ReSUILS........c.ccceivivieriiiiceccceec e



19

20

18.3 A Model with an Interaction Between School-

and Pupil-Level COVariatesS......ccouvvierieiiicesieseieiese e 438

18.3.1 Model Specification.......cccccceiviieiiiiiieiscsee e 438

18.3.2 R Syntax and ReSUItS........ccccovvveeirinicieees e 439
18.4 A Model with Fixed Effects of Pupil-Level

CovariateS ONIY ...ovcececiieicce et 442

18.4.1 Model Specification.......cccccoeiiieiiiinciscsee e 442

18.4.2 R Syntax and ReSUItS.......ccccovvveiiviiiiciiecccce e 442
18,5 A Model with a Third-Degree Polynomial

ofa Pupil-Level Covariate in the Mean Structure.........c.ccoecvevenen. 444

18.5.1 Model Specification........cccovceiviieiesieisiesc e 444

18.5.2 R Syntax and ReSUILS.......ccccovrviiiieinicie e 444
18.6 A Model with a Spline of a Pupil-Level Covariate

N the Mean STrUCTUTE. ..o s 448

18.6.1 Model Specification.......cccccvveiviieniiiiieicse e 448

18.6.2 R Syntax and ReSUILS........cccoeiiivriciieeicececeeeees 449
18.7 The Final Model with Only Pupil-Level Variables

iN the Mean STrUCTUIE. ... e e 450

18.7.1 Model Specification.......cccccooviriinnccie e 450

18.7.2 R Syntax and ReSUItS........ccceovvveiiviieiriec e 450
18.8  Analysis Using the Function Imer () ......ccoceevveivincineienisiesieenns 457
18.9  Chapter SUMMAIY ..ooccovceiiiice e saere s 462
FCAT Study: Modeling Attainment-Target SCOres.....ccooovvrvererennnn. 465
191 INErOAUCTION. et 465
19.2 A Fixed-Effects Linear Model Fitted Using

the FUNCLION TM () covoiicicee e 465

19.2.1  Model Specification......ccccccvveiiiieniiiisieiese e 466

19.2.2 R Syntax and ReSUILS.......ccccoveeeriiiiniciiesscee s 466
19.3 A Linear Mixed-Effects Model with Crossed Random

Effects Fitted Using the Function Im erO ....cccccocevvvviviievieienieiesienas 468

19.3.1 Model Specification.......cccoveiiiiiieieisese e 469

19.3.2 R Syntax and ReSUILS.......ccccoveeeririisiiiiie e 469
19.4 A Linear Mixed-Effects Model with Crossed Random

Effects Fitted Using the Function Ime O .......ccccvevvveiviencineneenn 478

19.5 A Linear Mixed-Effects Model with Crossed Random
Effects and Heteroscedastic Residual Errors Fitted

USING IME O it 485
19.5.1 Model Specification.......cccccveiiieniiiisceicsen e 485
19.5.2 R Syntax and ReSUILS.......ccccoveeeririiiciiesscee s 486
19.6  Chapter SUMMAAIY ..oocccvieiiiiiesieeseee e saenens 489
Extensions of the R Tools for Linear Mixed-Effects Models............... 491
240 IS R [ ) (T 11 o] o OSSR 491
20.2  VneNcvj pdMatC\ass\ pdKronecker........cocoeveveveieniiinneinsesiceenns 491

20.2.1 Creating Objects of Class pdKronecker.........cccooevvevrvennan. 493



20.2.2 Extracting Information from Objects of Class

PAKITONECKET ..ottt 494
20.3  Influence DiagnoStiCS....cooiiiiirieirieiieise e 497
20.3.1  Preparatory StEPS ...ccccceeiveereeieieirieree e 497
20.3.2 Influence DiagnoStiCS .....cccoeviveiieiieesieisieiee s 501
20.4 Simulation of the Dependent Variable .........ccccoevvriiviineieienn, 509
20.5  POWEN ANAIYSIS .ociiiicicisieeceis e 511
20.5.1 Poi/Woe Power Calculations ..........ccccceveienrnncccnininene. 512

20.5.2 A Priori Power Calculations
for a Hypothetical Study .......cccoovvvivnieviiieccse e, 515
20.5.3 Power Evaluation Using Simulations ...........c.ccccoevvviennas 521
AACTONYIMIS ottt et bbb bbb bbb bbb n b 525
RETEIENCES ... bbb 527
FUNCLION TNAEX .ttt 531

SUBDJECE INAEX .ttt ettt 537



