
C on ten ts

Part I (by Bernd Gärtner)

1 Introduction: M a x C u t  Via Semidefinite Programming . . .  3
1.1 The MaxCut Problem ...............................................................  3
1.2 Approximation Algorithms ...................................................  4
1.3 A Randomized 0.5-Approximation Algorithm for MaxCut . . 6
1.4 The Goemans Williamson A lgorithm .........................................  7

2 Semidefinite Program m ing .............................................................  15
2.1 From Linear to Semidefinite Programming................................ 15
2.2 Positive Semidefinite Matrices.....................................................  16
2.3 Cholesky Factorization.................................................................  17
2.4 Semidefinite Program s.................................................................  18
2.5 Non-standard Form .......................................................................  20
2.6 The Complexity of Solving Semidefinite Program s.................. 20

3 Shannon Capacity and Lovász T h eta .......................................... 27
3.1 The Similarity-Free Dictionary Problem .................................... 27
3.2 The Shannon Capacity.................................................................  29
3.3 The Theta Function .....................................................................  31
3.4 The Lovász Bound.........................................................................  32
3.5 The 5-Cycle...................................................................................  35
3.6 Two Semidefinite Programs for the Theta Function................  36
3.7 The Sandwich Theorem and Perfect Graphs ............................ 39

4 Duality and Cone P rogram m ing .................................................  45
4.1 Introduction...................................................................................  45
4.2 Closed Convex C ones...................................................................  47
4.3 Dual Cones..................................................................................... 49
4.4 A Separation Theorem for Closed Convex Cones...................... 51
4.5 The Farkas Lemma, Cone V ersion.............................................. 52

"



x C ontents

4.6 Cone Programs................................................................................ 57
4.7 Duality of Cone Programming ....................................................  62
4.8 The Largest Eigenvalue................................................................ 68

5 A pproxim ately  Solving Sem idefinite P ro g ra m s ......................  75
5.1 Optimizing Ovtir the Spectahedron............................................  76
5.2 The Case of Bounded Trace.......................................................... 78
5.3 The Semidefinite Feasibility Problem..........................................  80
5.4 Convex Optimization Over the Spectahedron ..........................  82
5.5 The Frank Wolfe A lgorithm ........................................................ 84
5.6 Back to the Semidefinite Feasibility Problem ............................  89
5.7 From the Linearized Problem to the Largest Eigenvalue........  90
5.8 The Power M ethod ........................................................................ 92

6 An In terio r-P o in t A lgorithm  for Sem idefinite P rog ram m ing  99
6.1 The Idea of the Central P a t h ........................................................ 100
6.2 Uniqueness of Solution.................................................................... 101
6.3 Necessary Conditions for O ptim ality............................................ 102
6.4 Sufficient Conditions for Optimality.............................................. 106
6.5 Following the Central P a t h ............................................................ 109

7 C opositive P ro g ra m m in g .................................................................. 119
7.1 The Copositive Cone and Its D ua l................................................ 119
7.2 A Copositive Program for the Independence Number

of a Graph ........................................................................................ 122
7.3 Local Minimality Is coNP-hard...................................................... 127

P a rt II  (by J iř í  M atoušek)

8 Lower B ounds for th e  G oem ans-W illiam son  M a x C u t

A lg o r i th m ................................................................................................133
8.1 Can One Get a Better Approximation R a tio ? ............................ 133
8.2 Approximation Ratio and Integrality G a p .................................. 135
8.3 The Integrality Gap Matches the Goemans Williamson Ratio 136
8.4 The Approximation Ratio Is At Most o g w ................................ 149
8.5 The Unique Games Conjecture for Us Laymen, Part I .............. 152

9 C oloring 3-C hrom atic  G raphs ........................................................ 157
9.1 The 3-Coloring Challenge................................................................ 157
9.2 From a Vector Coloring to a Proper C oloring............................ 158
9.3 Properties of the Normal Distribution.......................................... 159
9.4 The К MS Rounding Algorithm...................................................... 161
9.5 Difficult G raphs................................................................................ 163



10 Maximizing a Quadratic Form on a G raph..............................167
10.1 Four Problem s.................................................................................. 167
10.2 Quadratic Forms on G ra p h s .......................................................... 169
10.3 The Rounding Algorithm................................................................ 172
10.4 Estimating the E rror........................................................................173
10.5 The Relation to 'd(G) ...................................................................... 176

11 Colorings with Low D iscrepancy.................................................... 179
11.1 Discrepancy of Set System s............................................................ 179
11.2 Vector Discrepancy and Bansaľs Random Walk Algorithm . . 182
11.3 Coordinate W alks............................................................................ 185
11.4 Set W alks.......................................................................................... 187

12 Constraint Satisfaction Problems, and Relaxing Them
S em id efin ite ly ........................................................................................I93
12.1 Introduction...................................................................................... 193
12.2 Constraint Satisfaction Problem s.................................................. 194
12.3 Semidefinite Relaxations of 2-CSP’s . ............................................ 198
12.4 Beyond Binary Boolean: Max-3-Sat & Co..................................205

13 Rounding Via M in iatures ..................................................................211
13.1 An Ultimate Rounding Method? .................................................. 211
13.2 Miniatures for MaxC ut ................................................................ 212
13.3 Rounding the Canonical Relaxation of Max-3-Sat

and Other Boolean C SP..................................................................219

Summary ....................................................................................................... 229

References..................................................................................................... 239

Contents xj

Index 245


