Contents

1 Euclidean Geometry

1.1
1.2

13

14

15
1.6

1.7
1.8

PrelimMINAIIES. ...
DiStance GEOMELIY......cccuiiieiieiie e
121 A Basic Formula.......ccccoccoviiiiiiiiiee e
1.2.2  The Length of a Path.........ccocooiiiiiiiiie
1.2.3  The First Variation Formula

and Application to Billiards........c..cccoeveviiiiiiiinnnnn,

PlanNe CUINVES......ccviiie ettt
131 Length
132 CUINVALUIE oot
Global Theory of Closed Plane CUrVes........c.ccccocvviveicieiiieenen,
14.1  *“Obvious” Truths About Curves

Which are Hard to Prove..........cccccoooevieiviec e,
14.2 The Four Vertex Theorem........cccccoccvviviiinieniinneennn,
143  Convexity with Respect to Arc Length...................
144  Umlaufsatz with COrners .........cccocvvvvenieninnenieeieniens
145 Heat Shrinking of Plane Curves...........cccccccevvevveivnenne.
1.4.6  Arnolds Revolution in Plane CurveTheory
The Isoperimetric Inequality for Curves...........ccccoovvevivevveenen.
The Geometry of Surfaces Before andAfter Gauls...................
1.6.1  Inner Geometry: a First Attempt.........cccocvvieriennnnne,
1.6.2  Looking for Shortest Curves: Geodesics
1.6.3 The Second Fundamental Form

and Principal Curvatures..........cccccceveevvevcieiie e,
1.6.4  The Meaning of the Sign of AT
1.6.5 Global Surface Geometry
1.6.6  Minimal SUrfaces.........ccccooviiiiii i,
1.6.7 The Hartman-Nirenberg Theorem

for Inner Flat Surfaces ........cccovvvviviiieiiie e,
1.6.8  The Isoperimetric Inequality in E3 ala Gromov ....

1.6.8.1 Notes
GENEIIC SUIMTACES......cuiiiiieiieiie e
Heat and Wave Analysis in E2
1.8.1 Planar PNYSICS......cccooiiiiiiiieieeeee e

1.8.1.1 Bibliographical Note



X1l Contents
1.8.2  Why the Eigenvalue Problem?..........ccocoviiiiinnnnn. 71
1.8.3  MINIMAX iiiiiiiiiieec e 75
1.84 Shape of a Drum.......cccccoveiiiiiiiiice e 78
1.8.41 A Few Direct Problems..........cccocovveiiiinnne 79
1.8.4.2 The Faber-Krahnlnequality.............ccc........... 81
1.8.4.3 Inverse Problems........ccccovvvinniini e 83
185  HeAt. . 87
1.8.5.1 EIgenfunctions............cccoovvininneniinnc s 90
1.8.6  Relations Between the Two Spectra............cccccvveuneee. 91
1.9 Heat and Waves in E3, Ed and on the Sphere.........c.cceeuene. 94
19.1  Euclidean SPacesS........cccooviiiiiiiciine e 94
1.9.2  SPREIES....ccciiiie et 95
1.9.3  Billiards in Higher Dimensions ...........cccecvvvvienninnne. 97
1.9.4  The Wave Equation Versus the Heat Equation.......... 98
2 THANSTHION. ...t ettt bbb 101
3 Surfaces from GaulR t0 Today.......cccccceeviiiiiieiiie e, 105
31 GAUBL.. e e 105
3.1.1  Theorema EQregium ........ccccoiveviiivieieeiie e 105
3.1.1.1 The First Proof of Gaul}’s Theorema
Egregium; the Concept of dS2.........cccecvvvvrnnee. 106
3.1.1.2 Second Proof of the Theorema Egregium ... 109
3.1.2 The Gaul3-Bonnet Formula
and the Rodrigues-Gaul Map.........ccccccvevvevveieesnenen, i
3.1.3  Parallel TranSpOrt.......cccccceiiiiiiieviie e 113
3.1.4  INner GEOMETIIY ....cciiiiiie et 116
3.2 Alexandrov’s TREOremMS.........cccvvviiiiiei s 120
3.21  Angle Corrections of Legendre and Gauf3
IN GEOUESY....veevieieeitee et 123
3.3 CUL LOCH. .ttt bbb 125
3.4 Global Surface TheOrY.......ccoviiiiieiee e 131
341 Bending SUIfaces.........c.ccoomiiiiininiienii e 131
3.4.1.1 Bending Polyhedra..........cccocovvviiiiininniiennene 132
3.4.1.2 Bending and Wrinkling
with Little Smoothness..........cccoccvvveiieiiennn, 133
3.4.2 Mean Curvature Rigidity of the Sphere....................... 134
3.4.3 Negatively Curved Surfaces.........ccocevverinniniiniiennns 135
3.4.4  The Willmore CONJECLUIE.......cccccevieririieieienieie e, 136
3.45 The Global GauR-Bonnet Theorem for Surfaces---- 136
3.4.6  The Hopf Index Formula..........ccccocoveiviiiieccie e, 139



Contents  XllII

Riemann’s BIUEPIINTS. ... 143
481 SMOOth Manifolds .......cccceiiiiiiie e 143
411  INtroduCtiON........ccoiiiec e 143

4.1.2 The Need for Abstract Manifolds..........ccccceevvvinrnnnne. 146

4.1.3  EXAMPIES....ccoiiice e 149
4.1.3.1 Submanifolds........ccccccoevviiiiiiiiiee e 151

4.1.3.2 ProducCts......cccccocviiiiiiiiiiiiie e 151

4.1.3.3 Lie GrOUPS....ccoiiriiiitiienieniee et 152

4.1.3.4 HOMOYENEOUS SPACES......ccevveiireieiiiiresieeenrinens 152

4.1.3.5 Grassmannians over Various Algebras........... 153

4.1.3.6 GlUING....cooiiiiiiiiii 156

4.1.4  The Classification of Manifolds............ccccoeevivniiinnenn, 157

4141 SUIMACES ..cvviiieiee e 158

4.1.4.2 Higher DIMEeNSIONS......c.cccovvviieniienienieeieenne 159

4.1.4.3 Embedding Manifolds in Euclidean Space .. 161

4.2 Calculus on Manifolds..........ccocoviiiiiii 162
42.1 Tangent Spaces and the Tangent Bundle..................... 162

4.2.2 Differential Forms and Exterior Calculus..................... 166

4.3 Examples of Riemann’sDefinition............cccocvveviiiiiencnccienen, 172
43.1 Riemann’s Definition............cccoovviiiie i, 172

4.3.2 Hyperbolic GEOMELrY .....ccocviiiiicieeeee e 176

4.3.3  Products, Coverings and Quotients...........cccoccvvvverieenen. 183
4.3.3.1  ProducCts.......cccccoiiiiiiiiiiiieece e 183

4.3.3.2 COVEIMNGS.....oiiiiiiiiiieieiie e 184

4.3.4  HOMOQGENEOUS SPACES.....cceiurieiiiriieiiriieesieeesniieeessreeessneeas 186

435  SYMMELIIC SPACES ..coveeieiiiiiieieiieeie e 189
4351 Classification.........cccccvvieniininiienie e 192

4352 RaANK.....cooooiiiic e 193

4.3.6 Riemannian SUDMErSIONS........cccvvevveiieiriesie s enie e 194

437  GluiNng and SUIQEIY.....cocccieiiie e eceeertee e see e 196
4.3.7.1 Gluing of Hyperbolic Surfaces...................... 196

4.3.7.2 Higher Dimensional Gluing.........c...cccecvevnenne. 198

4.3.8 Classical Mechanics..........cccocviiiniiiiinniie e 199

4.4 The Riemann Curvature TENSOI .......ccccevverereenienieeneseseenieneens 200
4.4.1  Discovery and Definition.......c.ccccccevveviieviiesiie e 200

4.4.2 The Sectional Curvature..........cccocevvrieiiienieenieenienieenn 204

443 Standard EXamples........cccooiiiiiinice, 207

4.43.1 Constant Sectional Curvature...........c..c.c..... 207

4.4.3.2 Projective Spaces KPN.......ccooovvieiiiininnienn 209

4.4.3.3 Products........cccccveviniiiiiiinie e 209

4,434 HOMOQGENEOUS SPACES......cceevrvveeerrieeerirerenineens 210

4.4.3.5 Hypersurfaces in EuclideanSpace................. 211



X1V Contents

4.5 A Naive Question: Does the Curvature
Determine the MetriC?......ccoovviiiiiic e 213
451 SUIMTACES.....oiiiiiiiiicie et 214
452  ANY DIMENSION. ..ot 215
4.6 Abstract Riemannian Manifolds ..........cccccovviiniiiiniinnee 216
46.1 Isometrically Embedding Surfaces in E3 ..........c.......... 217
4.6.2 Local Isometric Embedding of Surfaces in E3............ 217
4.6.3  Isometric Embedding in Higher Dimensions.............. 218
5 A One Page Panorama.........ccccoiiiiiiiiiiiiiie e 219
6 Metric Geometry and Curvature...........cccccoceevieevceesieeesie e, 221
6.1 First Metric Properties.......c.cccvvviieiieiie e 222
6.1.1  Local Properties........ccccooeiiieevieeiieece e 222
6.1.2  Hopf-Rinow and de Rham Theorems............ccccue.e.... 226
6.1.2.1  Products.......cccccoiiiiiiiiniin e 229
6.1.3  Convexity and Small Balls.............ccccooiiiiiinniinnnn, 229
6.1.4  Totally Geodesic Submanifolds.............ccceevevveiiennenne 231
6.1.5  Center OFf MassS......ccceiiiiiiiiiiie e 233
6.1.6  Examples of GeOdeSICS.........ccvvviiiiiiniiinienee e 235
B.1.7  TranSItiON......cccoooiiiiiiiiic e 238
6.2 First Technical TOOIS.......cccoooiiviiiie e 239
6.3 Second Technical TOOIS........cccccoviiieiiiiee s 248
6.3.1  Exponential Map........ccccccooiriiiiiiiiie e, 248
6.3.1.1 RaANK....ccooii e, 250
6.3.2  SPACE FOIMS....oiiiiiiiiiiie e 251
6.3.3  Nonpositive CUrvature .........cccccceveeveeieeseesiesee e 254
6.4 Triangle Comparison Theorems.........cccccvceviiiininnin e 257
6.4.1 Bounded Sectional Curvature..........cc.cccocenienieiinnnns 257
6.4.2  Ricci Lower BoOUNd.........cccccovevieiievie e 262
6.4.3  Philosophy Behind These Bounds............cccccccvevviennene. 267
6.5 Injectivity, Convexity Radius and Cut Locus.............cccccuenneee. 268
6.5.1  Definition of Cut Points and Injectivity Radius........ 268
6.5.2  Klingenberg and Cheeger Theorems............ccccccveeneee. 272
6.5.3  Convexity RadiUS...........ccccveiiiiiieiiiiiie e 278
6.5.4  CUL LOCUS.....ouiiiiiieiie e 278
6.5.5 Blaschke Manifolds ..........ccooiiiniiniiii 285
6.6 Geometric HierarChy.........cccooe i 286
6.6.1 The Geometric Hierarchy.........ccccoooeviiniininniniinnenn 289
6.6.1.1 Space FOIrmS.......ccccooiiiiiiiiiienee e 289
6.6.1.2 Rank 1 SymmetricSpaces.........ccccvevrvvervrinnn 289
6.6.1.3 Measure ISOtropy.........ccccocvevieiiiiciiiiiieeeniens 289
6.6.1.4 SymmetriC SPaceS.......ccccceevveiierirenieiieseeann 290

6.6.1.5 HOmMOJENEOUS SPACES........cccvervreriieerireeniieene 290



Contents XV

6.6.2 Constant Sectional Curvature.............cccoccevvveiiveiieennnn, 290
6.6.2.1 Negatively Curved Space Forms
in Three and Higher Dimensions................. 292
6.6.2.2 Mostow Rigidity.......cccccevviiiiiiiiiiiiiiicn, 293
6.6.2.3 Classification of Arithmetic
and Nonarithmetic Negatively Curved
Space FOIMS.......ccociiiiiiiiieiie e 294
6.6.2.4 Volumes of Negatively Curved Space Forms 295
6.6.3 Rank 1 SymmetriC SPaces ........cccccrvvrienieenieesiiesnenn. 295
6.6.4  Higher Rank Symmetric Spaces.........ccccccovviervnnennnn 296
6.6.4.1 Superrigidity.......ccocvvininiiiiiiieee e 296
6.6.5 HOMOQENEOUS SPACES.......cccivieeiiiieeiiiie e 296
Volumes and Inequalities on Volumes of Cycles....................... 299
7.1 Curvature Inequalities..........cccocvevieiieiieseecece e 299
7.1.1  Bounds on Volume Elements and First Applications. 299
7.1.1.1 The Canonical Measure............cccceevrrivrernnnne 299
7.1.1.2 Volumes of Standard Spaces..........ccccvvuvrnnenn 303
7.1.1.3 The Isoperimetric Inequality for Spheres... 304
7.1.1.4 Sectional Curvature Upper Bounds.............. 305
7.1.1.5 Ricci Curvature Lower Bounds.........c...c........ 308
7.1.2  Isoperimetric Profile ..o, 315
7.1.2.1 Definition and Examples..........cccocvrininrenne. 315
7.1.2.2 The Gromov-Bérard-Besson-Gallot Bound. 319
7.1.2.3 Nonpositive Curvature
on Noncompact Manifolds..........c.cccoecvereennen, 322
7.2 Curvature Free Inequalities on Volumes of Cycles.................. 325
7.21  CUrves in SUITaCeS........cccvvviiirieeniiieeseee e 325
7.2.1.1 Loewner, Pu and Blatter-Bavard Theorems 325
7.2.1.2 Higher Genus SUrfaces........ccccccevvvvvnienninnnne. 329
7.2.1.3 The Sphere.......ccciiiiiiieeeee 336
7.2.1.4 Homological Systoles.........cccceevvviiiiiiinnnns 338
7.2.2  Inequalities for CUIVES.........ccccevveveesiesiesie e, 340
7.2.2.1 The Problem, and Standard Manifolds......... 340
7.2.2.2 Filling Volume and Filling Radius................. 342
7.2.2.3 Gromov’'s Theorem and Sketch of the Proof 344
7.2.3  Higher Dimensional Systoles:
Systolic Freedom Almost Everywhere............c.ccoc....... 348
7.2.4  Embolic InequalitieS .........ccccooveviieiiieiiieciece e, 353
7.24.1 INtroduCtion.........cccoveviiieneniee e, 353
7.2.4.2 The Unit Tangent Bundle.............cc.cceenene. 357
7.2.4.3 The Core of the Proof...........cccccocvvviinnnnnn 359
7.2.4.4 Croke’'s Three Results.........ccccccovvviiiinnnnn 363
7.2.4.5 Infinite Injectivity Radius.............ccccoceevenen. 366

7.2.4.6 Using Embolic Inequalities............ccccccvvenee. 367



XVI Contents

8 Transition: The Next Two Chapters........ccccccoeevivevieiiieiieeciee s, 369
8.1 Spectral Geometry and Geodesic Dynamics...........ccoccoeenunee 369
8.2 Why are Riemannian Manifolds So Important?..................... 372
8.3 Positive Versus Negative Curvature...........cccccceeevevveiveieesnnnnn, 372

9 Spectrum of the Laplacian........c.ccoocviiviiiiicinieieeesee 373
9.1 [ ] (0] Y 2SSOSR 374
9.2 MOTIVALION. ...t 375
9.3 SEING WP i 376

9.3.1  XdefiNItION.....ccoiieiie e 376
9.3.2 The Hodge Star........cccocevivivieiieiiece e 378
0.3.3  FACES...oi i 380
9.3.4 Heat, Wave and Schrédinger Equations..................... 381
9.4 IMIINTIMAX . 1t s 383
9.41 The PrinCIple.....ccooeeiieeeececece e, 383
9.42 AN ApPlICatioN........ccoooiiiii i 385
9.5 Some Extreme EXamples........ccooiiiiiiiiiiiieee e 387
9.5.1  Square Tori, Alias Several Variable Fourier Series ... 387
9.5.2 Other Flat TOl...ccccoviiiiiii e 388
0.5.3  SPREIES...iiiie 390
954 KPN oo s 390
9.5.5 Other Space FOrMS ......ccccooveiiiii e 391
9.6 Current QUESTIONS.......ccoeiiieiiee et ee e saeesae e 392
9.6.1  Direct Questions About the Spectrum.............ccecuvenee. 392
9.6.2  Direct Problems About the Eigenfunctions................ 393
9.6.3 Inverse Problems on the Spectrum.............ccoccevennnnn. 393
9.7 First Tools: The Heat Kernel and HeatEquation..................... 393
9.71  The Main ReSUlt .......ccccooviiiiiiiie e 393
0.7.2  Great HOPES......ocociiiiiiiiiciee e 396
9.7.3 The Heat Kernel and Ricci Curvature.............cc......... 401
9.8 The Wave Equation: The GapsS......cccovrvrirriinenieenesieene s 402
9.9 The Wave Equation: Spectrum & Geodesic Flow.................... 405
9.10 The First Eigenvalug...........cccccviiieiiciie e, 408
9.10.1 Ai and RicCi CUIrVatUIe...........ccoeririeieieee e 408
9.10.2 Cheeger's Constant..........ccccccceviieevieeiie e 409
9.10.3 Ai and Volume; Surfaces and Multiplicity.................. 410
9.10.4 Kahler Manifolds...........ccccoovvviiiiiiiiieiiccee e 411
9.11  Results on EigenfuncCtions............cccocvvviiviiieciic e, 412
9.11.1 Distribution of the Eigenfunctions...............cccccceveee. 412
9.11.2 Volume of the Nodal Hypersurfaces..........c.cccceceerurnne. 413
9.11.3 Distribution of the Nodal Hypersurfaces................... 414
9.12  Inverse Problems ... 414
9.12.1 The Nature of the Image .......c.ccevvevvevieviiece e 414
9.12.2 Inverse Problems: Nonuniqueness...........ccceevevvernnnne. 416

9.12.3 Inverse Problems: Finiteness, Compactness................ 418



Contents XVII

9.12.4 Uniqueness and Rigidity Results...........ccccccevvviiinnnnnne, 419
9.12.4.1 Vigneéras SUrfaces...........ccccecvvvrriresieeseesneannns 420
0.13  SPECIAl CASES......iieiiiiiiiieiieiee e 421
9.13.1 Riemann SUIaCES........cccoeriieriiririe e 421
0.13.2  SPACE FOIMS.....ciiiiiiiie e 424
0.13.2.1 SCaAIS..cuiiiiiiiiiiicicieee e 426
9.14  The Spectrum of Exterior Differential Forms......................... 426
Ge0desSiC DYNAMICS ..o 431
05 R [ 014 0T [ Tod [0 o 432
10.2  Some Well Understood Examples.........cccccovvevieiiieiinccieeenen. 436
10.2.1 Surfaces of Revolution..........c.ccocviviriiienencse e, 436
10.2.1.1 Zoll SUrfaces .......cccooevieeiieeneeiieneeeeniee e 436
10.2.1.2 Weinstein SUrfaces.........ccccevvveviveniveivennnnnen 440
10.2.2 Ellipsoids and Morse Theory.........ccccccvvvevieiiiiinnnn, 440

10.2.3 Flat and Other Tori: Influence of the Fundamental
(0] U] o PRSP 442
10.2.3.1 Flat TOFi..ccooiiiiiiccecece e, 442
10.2.3.2 Manifolds Which are not Simply Connected 443
10.2.3.3 Tori, NOt Flat........oeeeeeeeeeeeeeeeeeeeeeeeee 445
10.2.4  SPace FOIMS.......ccooiiiiiiie e 446
10.2.4.1 Space Form Surfaces........c.cccocvvvvrveneniennennenn. 446
10.2.4.2 Higher Dimensional Space Forms................. 448
10.3  Geodesics Joining TWo POINtS........cccccceviveiiie e 449
10.3.1 Birkhoff's Proof for the Sphere..........cccooiiiiiinnn, 449
10.3.2  MOISE TREOIY ....cciiiiiitiee e 453
10.3.3 Discoveries of Morse and Serre ........cccccoeeeevcviieeiieennnn 454
10.3.4 Computing with ENtropy.......ccccccevivevieeiiieiieiie e, 456
10.3.5 Rationed Homology and Gromov’'s Work.................... 458
10.4  PeriodiC GEOUESICS........ciueiieiiieiie e et 461
10.4.1 The DIffiCUIties......cccooiiiiiiieiieieeeee e 461
10.4.2  General ReSUITS ......cccoovviiiiiiiiiecce e 463
10.4.2.1 Gromoll and Meyer.........cccccvvviinienieieninnnnn, 463
10.4.2.2 Results for the Generic (“Bumpy”) Case ... 465
10.4.3  SUIMTACES.....c.eii et 466
10.4.3.1 The Lusternik-Schnirelmann Theorem........ 466
10.4.3.2 The Bangert-Franks-Hingston Results........ 468
10.5  The GeodeSiC FIOW........ccccovieiiiiii e 471
10.5.1 Review of Ergodic Theory of Dynamical Systems ... 471
10.5.1.1 Ergodicity and MiXing........cccccccevvverivennnnnne. 471
10.5.1.2 Notions of ENtropy.....cc.cccccevvevvvecvee e 473
10.6  Negative CUNVaUIE........cccccviiiirii e 478
10.6.1 Distribution of GEOdESICS........ccccuvvivvriiiiiiiiieiieeieein, 481
10.6.2 Distribution of Periodic GeodesicCs..........ccccvvvrreenunnne 481

10.7  NONPOSItIVE CUINVALUIE........ceeeevie e 482



XVIII Contents

11

10.8

10.9
10.10

10.11

Best
11.1

11.2

11.3

114

Entropies on Various Space FOIrmMS.........cccocvviveiivniiesiiesiesnnn, 483
10.8.1 Liouville ENTrOPY....c.ccooveiiieieece e 485
From Osserman to LohKamp........cccooeiiiiiiiinieniceceeneee 485
Manifolds All of Whose Geodesics are Closed...............c.c....... 488
10.10.1 Definitions and Caution............ccccevverrieninniesiiesieee 488
10.10.2 Bott and Samelson Theorems.........cccccecvvvveiieieeninnne 490
10.10.3 The Structure on a Given Sd and WP ...........ccoeee. 492
Inverse Problems: Conjugacy of Geodesic Flows....................... 495
IMIEEFICS. ... 499
Introduction and a Possible Approach...........cccccevvevieiiennnnne, 499
1111 AN APPrOACH......cicii e 501
Purely Geometric Functionals.............cccoooeiiiiiniiiiniiencnn, 503
11.2.1 Systolic Inequalities..........cccccccveveevieecie v 503
11.2.2 Counting Periodic GeOdeSICS........cccccvriverienirenieareane. 504
11.2.3 The Embolic Constant ..........cccoeevvieiieninsienie e, 504
11.2.4 Diameter and INJECHIVILY........cccocvviriiiiniieieee e 505
LEASE CUNVE......coiiiiiiie e 506
11.3.1  DefinitioNS......cccceeiiieie e 506
11.3.1.1 iNF[I?]|L<I2. i 506
11.3.1.2 Minimal Volume........c.ccovniiiinniinceni 507
11.3.1.3 Minimal Diameter..........ccccoocenviinneneenienieenen, 507
11.3.2 The Case Of SUIfaces.........cccccvruiriniiniininnineeneseeienieas 508
11.3.3 Generalities, Compactness, Finiteness
and Equivalence..........ccoviiiiiiiii e, 509
11.3.4 Manifolds with inf Voi
(resp. inf NALUE/2, inf diam) = O..cceevvvcveceeeeee 511
11.3.4.1 Circle Fibrations andOtherExamples........... 511
11.3.4.2 Allof-Wallach’s Type of Examples................. 513
11.3.4.3 Nilmanifolds and the Converse:
Almost Flat Manifolds.........c.cccocvviieiennnnenn, 514
11.3.4.4 The Examples of Cheeger and Rong............. 514
11.3.5 Some Manifolds with inf Voi > 0
and inf [|A[|LA2 =O.....cccccoeeeeeieeeeeeee e, 515
11.3.5.1 Using Integral Formulas..........c.c.cccceevveinennen. 515
11.3.5.2 The Simplicial Volume of Gromov................. 516
11.3.6 iInf In Four DIMENSIONS.........ccccoevveeiieecieeee, 518
11.3.7 Summing up Questions on inf Voi, inf || 4JI£.<*2........... 519
Einstein Manifolds.........cccooiiiiiiiii e 520
11.4.1 Hilbert's Variational Principle andGreat Hopes 520
11.42 The Examples from the Geometric Hierarchy............. 524
11.4.2.1 SymmetriC SPaCES......ccccevvveiiveeieeeireeeiee e 524
11.4.2.2 Homogeneous Spaces and Others................... 524

11.4.3 Examples from Analysis: Evolution by Ricci Flow... 525



Contents XIX

11.4.4 Examples from Analysis: Kahler Manifolds................ 526
11.45 The Sporadic EXxamples .......cccccovevieiiieiie e, 528
1146 Around Existence and UNIQUENESS..........ccceeveveruennns 529
11.4.6.1 EXISIENCE....c.ooiiiiiiiieieie e 529
11.4.6.2 UNIQUENESS.......eeeveeiieieeieesiee st s seesiee e ans 530
11.4.6.3 MOAUIT ..ovvieieiiiiee e 531
11.4.6.4 The Set of Constants, Ricci Flat Metrics ... 532
11.4.7 The Yamabe Problem..........cccccoiiiniiniiniiiie, 533
11.5  The Bewildering Fractal Landscape of US (M)
According to NabUutoVsKY..........ccccviviiiiicice e 534
From Curvature to TOpolOogy.....cccccoiiiiiiiiie e 543
12.1  Some History, and Structure of the Chapter.........cc.cccoceneeee. 543
12.1.1  Hopf's INSPIration ........cccccceveeviesieiie e 543
12.1.2 Hierarchy of Curvatures...........ccccoevvevieiieiiiesiie s 546
12.1.2.1 Control via Curvature.........c.ccoceevvervrivennnnne. 546
12.1.2.2 Other CUrvatures..........ccoocevvnneesieesensensenns 547
12.1.2.3 The Problem of Rough Classification......... 548
12.1.2.4 References on the Topic, and the
Significance of Noncompact Manifolds........ 549
12.2  Pinching Problems..........ccccooiieiiiiecce e, 549
1221 INtrodUCHION......cooviiieiiie e 549
12.2.2  Positive PINChiNg.......c.cccocveiiiii e, 552
12.2.2.1 The Sphere Theorem.........ccccocvevivivincnnne, 552
12.2.2.2 Sphere Theorems Invoking Bounds
on Other Invariants ........ccccccvveieneiinnenienn, 557
12.2.2.3 Homeomorphic Pinching..........cccccceeveienen. 558
12.2.2.4 The Sphere Theorem with Lower Bound
on Diameter, and no Upper Bound
0N CUMNVALUIE......coovieiiiiee e 562
12.2.2.5 Topology at the Diameter Pinching Limit .. 565
12.2.2.6 Pointwise PINnching........ccccccoeviivieiiniinenn, 567
12.2.2.7 Cutting Down the Hypotheses..................... 567
12.2.3  Pinching Near Zero.......c.cccocevieiiieiieiie i 568
12.2.4 Negative PINChING.......cccccoviiiiiieece e, 569
12.2.5 Ricci Curvature PINChing.........cccoovvevieiivciniciccec, 571
12,3 Curvature of Fixed SIgN.....cccccviiiiiiiiinienieeee e 576
12.3.1 The Positive Side: Sectional Curvature...................... 576
12.3.1.1 The Known Examples..........cccccevverierirnrnnne 576
12.3.1.2 Homology Type
and the Fundamental Group...........ccccevenene. 580
12.3.1.3 The Noncompact Case...........cceeevrrveeiieesiernnn 583
12.3.1.4 Positivity of the Curvature Operator.......... 588

12.3.1.5 Possible Approaches, Looking to the Future 590



XX Contents

12.3.2 Ricci Curvature: Positive, Negative and Just Below . 593
12.3.3 The Positive Side: Scalar Curvature.............cccoevvvrnnn. 599
12.3.3.1 The Hypersurfaces of Schoen & Yau............ 600
12.3.3.2 Geometrical Descriptions..........ccccceevvevvennnenn. 601
12.3.3.3 Gromov’s Quantization of K-theory
and Topological Implications
of Positive Scalar Curvature...............cccoeeuee.e 602
12.3.3.4 TriChOtOMY....ccceiiiiiieiieciee e 603
12.3.3.5 The Proof.......ccccooiiiiii e 603
12.3.3.6 The Gromov-Lawson Torus Theorem........... 604
12.3.4 The Negative Side: Sectional Curvature....................... 605
12.3.4.1 INtroduCtion........cccocvviieiiie s 605
12.3.4.2 LItErature.......cccoceveieeiinieese e, 605
12.3.4.3 QuaSI-ISOMELIIES......ccceevieeie e 606
12.3.4.4 Volume and Fundamental Group................... 609
12.3.4.5 Negative Versus Nonpositive Curvature .... 612
12.3.5 The Negative Side: Ricci Curvature............c.cccoevuvennne. 613
12.4  Finiteness and CollapSing........cccccevvviviieiiecie e 614
1241 FINITENESS.....oiiiiiieciieiee e 614
12.4.1.1 Cheeger’s Finiteness Theorems....................... 614
12.4.1.2 More Finiteness Theorems ........cccccccvvvenienne. 618
12.4.1.3 RiCCI CUIVAUIe........coeieeeiiesiie e e 622
12.4.2 Compactness and CONVErgence..........ccccevvevvveivesiveannnn 624
12.4.2.1 MOUIVALION......cciiiieiie e 624
12.4.2.2 HISTOMY ..ottt 624
12.4.2.3 Contemporary Definitions and Results........ 625
12.4.3 Collapsing and the Space of Riemannian Metrics.... 630
12.4.3.1 CollapSing......ccceeveeiiieeiiiese e 630
12.4.3.2 Closures on a Compact Manifold................... 634
13 Holonomy Groups and Kahler Manifolds..............cccccevvinnnes 637
13.1  Definitions and PhiloSOpNY.........ccccooveiiiiiiiiciecceececsee e, 637
132 EXAMPIES....ooo et 639
13.3  General Structure ThEOremMS .....cccccceeiieeiie e 641
134 ClasSITICAtION........cccuie e 643
135 The RAre CaSES.....ccciiiiiiiriieiiieiie e sie e siee e 646
1351 G2 and SPIN(7)...c.cccveiieiieieeiieseesee e 646
13.5.2 Quaternionic Kahler Manifolds.............cccceeveevvrennnee, 647
13.5.2.1 The Berard Bergery/Salamon Twistor
Space of Quaternionic Kahler Manifolds.... 649
13.5.2.2 The Konishi Twistor Space
of a Quaternionic Kahler Manifold ............... 651
13.5.2.3 Other Twistor SPaces.........cccccevvvererriniierninens 651
13.5.3 Ricci Flat Kahler and Hyper-K&hler Manifolds........ 652

13.5.3.1 Hyperkahler Manifolds............cccccoevverrrnnnnne. 652



Contents XXI

13.6  Kahler Manifolds...........ccoiiiiiii e 654
13.6.1 Symplectic Structures on Kahler Manifolds................ 655
13.6.2 Imitating Complex Algebraic Geometry
on Kahler Manifolds...........cccccovniinninnnne 655
Some Other Important TOPICS......cccccviieiiriie s 659
14.1  Noncompact Manifolds..........cccccovviiiiiiniini e, 660
14.1.1 Noncompact Manifolds
of Nonnegative Ricci Curvature..........ccccceeeviveiivennennnn. 660
14.1.2  Finite VOIUME. ..o, 661
14.1.3 Bounded GEOMELIY......ccceiiiieiiiirieie e 661
14.1.4 HarmoniC FUNCHIONS........ccccoeviiiiieii e 662
14.1.5 Structure at INFINItY........ccoeeieieie e, 662
14.1.6  CROPPING. .ciiiiiiieie e 662
14.1.7 POSItIVE IMISS......coiiiiiiciiicie et 662
14.1.8 Cohomology and Homology Theories.........c..ccccuvene.e. 663
14.2  Bundles over Riemannian Manifolds..........cccccoviiiiiniiinnnn. 663
14.2.1 Differential Forms and Related Bundles....................... 663
14.2.1.1 The Hodge Star........ccccceviiiniiieniene e 664
14.2.1.2 A Variational Problem for Differential
Forms and the Laplace Operator................... 664
14.2.1.3 Calibration.........ccccccovviiiiniiinie e, 666
14.2.1.4 Harmonic Analysis of Other Tensors.............. 667
S T o] 1 (0] ¢SSP 668
14.2.2.1 Algebra of SPINOrs ......cccccoovviiiinieniiieneene, 668
14.2.2.2 Spinors on Riemannian Manifolds.................. 669
14.2.2.3 History of SPINOrS.......cccocvviiiiiiiniiinienie e 669
14.2.2.4 Applying SPINOIS......ccoceviiiiiiieiiecie e 670
14.2.2.5 Warning: Beware of Harmonic Spinors........ 670
14.2.2.6 The Half Pontryagin Class.........c..cccceeveennn. 670
14.2.2.7 Reconstructing the Metric
from the Dirac Operator............ccoceevvivninennens 671
14.2.2.8 SPINC STrUCTUIES........ccveiiiiiiieieeee e 671
14.2.3 Various Other Bundles.........ccccccooviininiinininiiiieeins 671
14.2.3.1 Secondary Characteristic Classes.................... 672
14.2.3.2 Yang-Mills Theory........ccccoviiiiiviiiicieccn, 672
14.2.3.3 TWIStOr ThEOIY....c.ccveiiecece e 672
14.2.3.4 RT-TNEOIY....coiiiiii e 673
14.2.3.5 The Atiyah-Singer Index Theorem................ 674
14.2.3.6 Supersymmetry and Supergeometry.............. 674
143  Harmonic Maps Between Riemannian Manifolds..................... 674
144 Low Dimensional Riemannian Geometry...........cccccevvveviieennnnne 676
145  Some Generalizations of Riemannian Geometry............c.c....... 676
14.5.1 BOUNGAIIES.....c.coieiiiiieiesiisie et 676

1452 OrbifolaS. .. . e, 677



XXIl  Contents

14.6
14.7

15 The Technical Chapter

151
15.2
15.3

15.4

155

15.6

15.7

15.8

1453 Conical Singularities..........ccccccovveivniiiennnne.
14.5.4 Spectra of Singular Spaces
1455 Alexandrov Spaces
1456 CAT SPACES.....ccveiiiieeiiiie et

14.5.6.1 The CAT (fe) Condition
145.7 Carnot-Carathéodory Spaces...........cccceeuunee.

14.5.7.1 Example: the Heisenberg Group...
14.5.8 Finsler Geometry........ccccccovveeeieeciieeiee e,
1459 Riemannian Foliations...........ccccceoeiiiininnnn,
14.5.10 Pseudo-Riemannian Manifolds.....................
14.5.11 Infinite Dimensional Riemannian Geometry
14.5.12 Noncommutative Geometry
Gromov’s mm Spaces
SUbMANITOIAS. ..o
14.7.1 Higher DIMensions...........ccccceevvviieeeniecninene,
14.7.2 Geometric Measure Theory

and Pseudoholomorphic Curves

Vector Fields and Tensors.......ccccvvevveivveees eeeeeviiiee e
Tensors Dual via the Metric: Index Aerobics .............
The Connection, Covariant Derivative and Curvature.
Parallel Transport ...
15.4.1 Curvature from Parallel Transport..................
Absolute (Ricci) Calculus and Commutation Formulas:
INdEX GYMNASTICS......ccviiiiiiieiiieieieeiee e
Hodge and the Laplacian, Bochner’s Technique
15.6.1 Bochner’s Technique

for Higher Degree Differential Forms
GauR-Bonnet-CherN........coeeeeceeeeee e
15.7.1 Chern’s Proof of Gaul3-Bonnet for Surfaces ..
15.7.2 The Proof of Allendoerfer and Weil................
15.7.3 Chem'’s Proof in all Even Dimensions
15.7.4 Chern Classes of Vector Bundles
15.7.5 Pontryagin Classes
15.7.6 The Euler ClassS........ccoocveveeiviciiie e
15.7.7 The Absence of Other Characteristic Classes .
15.7.8  Applying Characteristic Classes
15.7.9 Characteristic NUMDErS........ccccceevvvvieeeiiiiiiieenns
Examples of Curvature Calculations
15.8.1 HOMOQENEOUS SPACES......ccevevvrreeiireeiiiieeeiieeens
15.8.2 Riemannian Submersions

678
678
678
680
680
681
681
682
683
683
684
685
685
690
690

691

693
693
696
697
701
703



Contents XXLU

References............ 723
Acknowledgements 789
List of Notation .. 791
List of Authors ... 797

Subject Index .... 811



