Contents

o =N i W o -

1 Dimensional A Naly SIS e
00 A 0 o o U o o TSRS
1.2 Examples of Dimensional Reduction ..o cve i

1.2.1 Maximum Height of a Projectile

1.2.2 Drag 0N @ SPRETIe s
1.2.3 Toppling DOMiNOES .o
I S o o g o B =X
1.3 Theoretical FOUNAatioN . ....ccccoviiiiiiice e e
1.3.1 Pattern FOrmationN et
1.4 Similarity Variables e
1.5 Nondimensionalization and Scaling ...c.cocveveiieciiiiicece e,
1.5.1 Projectile Problem .
1.5.2 Weakly Nonlinear DiffusSion......cccoccviiiniiivic v
1.5.3  E NN OIS ittt
Exercises

2 Perturbation M ethods
2.1 Regular Expansions

2.2 How to Find a Regular EXPansSioN ...,
2.2.1 Given a Specific FUNCLION .,
2.2.2 Given an Algebraic or Transcendental Equation............

2.2.3 Given an Initial Value Problem
2.3 Introduction to Singular Perturbations

2.4 Introduction to Boundary LayerS .

2.4 1 ENON OIS it
2.5 Multiple BoUNAary LAy IS e siee s sieeseesteeseesreesteesseeseeens
2.6 Multiple Scales and TWO-TIimMiNG ..o,
E X BICISES ottt ettt b e b b e e be e she e saa e hbeebaeereearee e

o Ol W B



G T (=T o PRSP ROSROPIPI A
31 INErOAUCTION o aj
3.1.1 RAdiOaCliVE D EBCAY cooiiiiireeieeeere e A
3.1.2  Predator-Prey e A
3.1.3 Epidemic Model e A
3.2 KiINEUIC EQUATIO NS ittt a9
3.2.1 The Law 0f Mass A CLiON .o A
3.2.2  Conservation LAWS ..o 92
3.2.3  SteAAY -STAtES it A
3.2.4  EXAMPIES o A
3.2.5  ENO N O B S ittt 0
3.3 General Mathematical Formulation.....cccoeceviciceiccecice e 97
3.4 Michaelis-Menten KiNetiCS i 100
3.4.1 Numerical SOTULION oo 102
3.4.2 Quasi-Steady-State Approximation ..., 103
3.4.3 Perturbation ApPProach ... 105
3.5 Assorted APPliCatioNS .. i)
3.5.1 Elementary and Nonelementary ReactionS.......cccceveuenenn. Ly
3.5.2 Reverse Mass ACLION ..ottt 113
3.6 Steady-States and Stability .o L,
3.6.1 Reaction ANalySiS . 115
3.6.2 Geometric ANalySiS e 115
3.6.3 Perturbation ANalysSiS . uUs
3.7 O SCIHITATOTS e 126
3.7.1 StADIlIY oo 128
B X BT IS ittt bbbttt n e 132
D iU STON coiicc ettt ene 141
A1 INTrOAUCTION ot e 141
4.2 Random Walks and Brownian M Otion ..., 142
4.2.1 Calculating W(m, N ) oo 145
4.2.2 Large N ApproXimation ... 148
4.3 CoNntiNUOUS LM I s 149
4.3.1 What Does D Signify 2. 151
4.4 Solving the Diffusion EqUation ..o 153
441 POINT SOUICER oottt s 154
4.4.2 Fourier Transform . 157
4.5 Continuum Formulation of DiffusSion ... 169
451 BalanCe L AW .ot 169
4.5.2 Fick’s Law of DiffuSion oo 171
4.5.3 Reaction-Diffusion EqQUatioNS..ccviiiie v 177
4.6 Random Walks and Diffusion inHigher Dimensions.......c.ccece... 179
4.6.1 Diffusion EQUALION . 182
4.7 Langevin EqQUAtiON . 185

4.7.1 Properties of the FOIrCing ..o 188



Contents

4.7.2 ENAdNOTES. it iiee e siee e 194
_ 194
EXEICISES it
Traffic Flow 205
5.1 Introduction e 205
5.2 Continuum Variables....iiiiiecienn, 206
521 DenSity e 207
522 FIUX e 208
5 3 Balance LaW . 209
5.3.1 Velocity Formulation.......ccccoovnenen. 210
5.4 Constitutive LAWS .o 211
5.4.1 Constant VeloCity...coeviviieveienen, 212
5.4.2 Linear VeloCity...cocvevieiienicvieccnn, 213
5.4.3 General Velocity Formulation--—--- 214
544 Flux and VeloCity .ooooviiiievciienenn, 216
545 Reality ChecK. ..o 2117
5.5 Constant VeloCity ..o 218
55.1 CharacteristiCS...cccinirnivnieiieineninenn, 221
5.6 Nonconstant VelocCity.....covvviiievieiieinenn, 225
5.6.1 Small Disturbance Approximation 226
5.6.2 Method of Characteristics............. 229
5.6.3 Rankine-Hugoniot Condition......... 233
5.6.4 EXPANSion Fan oo, 236
5.6.5 Shock WavesS....cccoovivviveienennieeen 241
5.6.6 Return of Phantom Traffic Jams . 245
5.6.7 SUMMAINY oo 247
5.7 Cellular Automata Modeling.....ccoevuenn... 2438
=] (o 1= 254
6 Continuum Mechanics: One Spatial Dimension ... 265
B.1  INTrOdUCTION (i e 265
6.2 Co0rdinate SYSTEM S e 265
6.2.1 Material Coordinates ....cccoiiiieiiiiciice e 266
6.2.2 Spatial Coordinates ... 267
6.2.3 Material DerivVatiVe ..o e 270
6.2.4  ENGA N OTES it eeee s e e se s ee s e e ee st s e enesne e 272
6.3 Mathematical TOOIS .o 273
6.4 CoNntinUIty EQUATION oot 275
6.4.1 Material Coordinates .. 276
6.5 Momentum EqUATION . 277
6.5.1 Material Coordinates ..o 279
6.6 Summary of the Equations of M 0tioN .o, 279
6.7 Steady-State SOTUTION oo s 280
6-8 Constitutive Law for an ElasticM aterial .......cccccoocoieiiiiviicicien, 282

6.8.1 Derivation of Strain



Xl

¢ °ntent8
6.8.2 Material Linearity...cccceeurnen. 286
6.8.3 ENnd NOteS..ccoovveeierereerercreean ” .. 289
6.9 Morphological Basis for Deformation .ee 200
6.9.1 Metals. i - oo 200
6.9.2 ElastOomersS. ... mme 203
6.10 Restrictions on Constitutive Laws .. oo 204
6.10.1 Frame-Indifference......c.oeee.
6.10.2 Entropy Inequality ... :.:igz
§.10.3 HyperelastiCity .....c.coveiiiinnnns cee 30D
EXEIrCISES oot .em304
Elastic and Viscoelastic M aterials........... 311
7.1 Linear ElasStiCity .cccoiieiiiiirciecic e, 311
7.1.1 Method of Characteristics........... 313
7.1.2 Laplace Transform .....ccccoeevenennene, 316
7.1.3 Geometric Linearity ......cccoeenene. 397
7.2 Visc0elasStiCity oo 308
7.2.1 Mass, Spring, Dashpot Systems . 329
7.2.2 Equations of M otion......cceeeeeenen. 331
7.2.3 Integral Formulation......c.cceeeenee 335
7.2.4 Generalized Relaxation Functions 337
7.2.5 Solving Viscoelastic Problems .. . 338
EXErCISES i 342
Continuum Mechanics: Three Spatial DimensionsS.......... 31
8.1 INTrOdUCTION ot 351
8.2 Material and Spatial CoordinatesS ..o 352
8.2.1 Deformation GradieNt.....cceiiiiiiieiieiececcece e 353
8.3 Material DeriVatiVe e 355
8.4 MathematiCal TOOIS e 358
8.4.1 General Balance L aW .o 361
8.5 ContinuUity EqQUatioN i 362
8.5.1 IncompressSibDility . 362
8.6 Linear Momentum EquUation ..o 363
8.6.1  STrESS T BN SO ciiiiii it et e b e naae e eaeas 364
8.6.2 Differential Form of Equation......cccoceiiiicicn e, 367
8.7 ANQUIAr M OM ENTUM (i s 367
8.8 Summary ofthe Equations of M 0tioN ..o, 368
8.9 CONSHITULIVE L AW S ittt be e 368
8.9.1 Representation Theorem and InvariantS.......... 372
8.10 Newtonian F lUid .o e 374
8101 P rESSUI R ettt sttt bbbt nr e nre e 374
B.10.2 VISCOUS SIIESS iiiiiiiiiiiicie ettt re e rre st s be e be e ae e re s beenre s 375
8.11 Equations of Motion for a Viscous FIuid.....cocooevviiiiiiiciececnn, 378

8.11.1 IncompresSibility .o 379



Contents
g Il 2 Boundary and Initial Conditions
C12 Material Equations of M otion.................
8.12-1 Frame-Indifference........ccccoeueuueeee.

8.12.2 Elastic Solid. ..o
g.12.3 Linear ElastiCity ....cccovnininenne

813 81 3T Incompressible Viscous Fluid
8.13.2 ElaStiCity .o
EXEICISES i e

9.2 Steady FIOW .ooiiciiiies e
9.2.1 Plane Couette Flow.........

9.2.2 Poiseuille Flow .................
9.3 VOrtiCity oo
9.3.1 Vortex Motion................
9.4 Irrotational FIOW ....ccccoevvvivneeinnennne,
9.4.1 Potential Flow ....c..cuo......
9.5 Ideal Fluid ...coovvviiiiiiieieeeie,
9.5.1 Circulation and Vorticity
9.5.2 Potential Flow .................
9.5.3 End NOteS..cccvverievreennenn,
9.6 Boundary LayersS.......
9.6.1 Impulsive Plate..............
9.6.2 Blasius Boundary Layer .
EXBICISES i

A Taylor’s TRHEOTEM (e
Al Single Variable .
A2 TWO Variables e
A.3 Multivariable VErsions ...

B FOUTTEI A NAlY SIS i
B ol FOUTI T S T S ettt ettt ettt et r et e s st e e rera et e s arr e e e e sbreeesareeees
B .2 FOUMEI T ran ST O TIM oottt e st e e s et e e s st e e e raraeeenans

C Stochastic Differential EQUAtIONS i

(D T o NN IR A N TP T TP
0 TR I - N o3 TR
(O B =N A= 1 N 1 U 0 TP

D.3 VECIOT C alCU U S ettt e e e e

X1

380
383
385
387
389
390
391
391
394

403
403
404
405
408
411
412
414
417
419
420
423
426
427
427
429
434



X1V

E Equations for a Newtonian Fluid

E.l Cartesian Coordinates ...............

E.2 Cylindrical Coordinates.............
R BT BT BN C S ittt
TN A Xt

Contents

Wee ¢ 453
‘s o m453
Wee ¢ 453

oee 455

. 463



