Contents

Foreword

Preface

Acknowledgements

0 Road Map
0.1 Inverse Problems in a SNapshot...........cccccovviieiiieic e
0.2  Applied Inverse Problems..........ccooiiiiiiiiiiiceee e
0.3 Crossing the Science-Technology Gap........cccocevvveieiieieesesieeseennenn,
0.4 Chapter by Chapter.......cccoiiiiiiiiecee e
Mathematical Modeling
L1 MOAEIS s
1.2 0ODbserving REAIItY........coov i
1.3 The Art of Idealization: Model Characterization...........c.ccccccevuveneene.
1.4 Resolution of the Idealization: Mathematics.............cccocevvivnniennnene.
15 Idealized Data Processing: Solution Operator.............ccccevveiieiinnnne
1.6 Mind the Gap: Least SQUAIES..........cccevuieiieiiieiie e
1.7 Optimal SOIULION........ccoooiiecieec e
1.8 A Suboptimal SOIULION..........ccoiiiiiecce e
1.9  Application to Darcy’s LaW.........ccccoeeiieieciieieesccie e
EXBICISES it

Fundamental Concepts in Inverse Problems

2.1  Condition of Function Evaluation.............cccceevieiiieciiie e
2.2 Condition as a Derivative BOUNd............ccceevviiiiiiiecciee e
2.3 Other Derivatives and Other Notions of Condition..............ccceeeuveeen.
2.4 Condition of Vector-Valued Functions of Several VVariables............
2.5 Stability of Algorithms of Function Evaluation ...........c.ccecvevvennnee.
2.6 Questions on Existence and UNIQUENESS..........ccccevvierinerenesieneenns

2.6.1  EXACE DAltA....uueeeiiiiiiiiciieeeieee et

2.6.2  REAI DAtA......ccvveiiiiciiii et
2.7  Well-Posed ProblemsS........cccoiiiiiiiiiiic e
2.8 Classification of Inverse Problems.........cooccevvieiei e,

2.8.1 Classes of Mathematical Models.........cccooeeeeeeeeeeeeeeeeeeeeeeeeeen.

Vil

Xl

XV

A W — — -



XX

2.8.2  Classes of Inverse Problems........ccccccovveeivcovcnne,
Exercises

Spectral Analysis of an Inverse Problem

31 AN EXaMPIe.. .o
3.2 Uncertainty Multiplication Factor ...........cccoceevivniiciennnn
3.3 Regularization SCheme.........c.ccccoeviveve i
3.4 Tikhonov’'s Regularization...........c.cccccoovvviiiieivccciicse e,
3.5 Regularization Strategy........cccccveveervereiieeie e
3.6 Reference Value in Tikhonov’s Method — ..........cccoeeviiienne
3.7 Steepest Descent Method............ccccooiiiiiiniiiiiiineee
3.8 Landweber Method...........cccooiiiiiiii
3.9 Discrepancy PrinCiple.........cccoiiiiiiee e
3.10 Conjugate Gradi€nt..........ccocvieieieieienieeeeee e

3.10.1 Conjugate Gradient Algorithm . . ...,

3.10.2 Two-Step OptimIZation..........ccocevveeieeienieieee e

3.10.3 A Few Geometric Properties.........ccccccoovvveeiiieiinnennn.
3.11 Spectral Analysis of Tikhonov’s Regularization..................
EXEICISES  1oiiiieciie ettt ettt nne e nae e

Image Restoration

4.1 Degraded IMages.......cccooiiiiiiiiiiiic e
4.2 ReStoring IMagES.......cccciieiiiieiie e
4.3 Restoration Algorithm ...
4.3.1 Newton’s Method...........cccooeviiiiiiinnine e
4.3.2 Modified Newton’s Method with Gain Factor
4.3.3  Stopping CriterioN........ccccccviieviiciie e,
4.3.4 Regularization Strategy.........ccccoeveiiieiieiiiieiiie e
4.3.5 Gauss-Seidel Method..........c.ccoovviiiieiieiie
4.3.6 Restoration Methodology ...
4.4  Photo ReSTOratioN........ccccouviieieee e seeie e ee s
45 Text ReSIOration.........ccooiviiiiiiieii e
4.6 Biological Image Restoration............cccocvveevieinenciciencnene
G o 131U

Radiative Transfer and Heat Conduction

5.1 Mathematical DeSCription...........ccccviiniiiienieniniseeeeeeees
5.2 Modified Newton’s Method...........cccccoovininiieienciescsins
5.3 Levenberg-Marquardt’'s Method...............ccccoooeviiiiiiiiins
5.4 Confidence Intervals for Parameter Estimates....................
5.5 Phase Function, Albedo and Optical Thickness..................
5.6 Thermal Conductivity, Optical Thickness and Albedo

5.7 Refractive Index and Optical Thickness............c.ccocvvennen,
EXEICISES oottt bbbt

Contents



Contents XXI
6 Thermal Characterization 129
6.1 Experimental Device: Hot Wire Method...........c..cccooiiiiiiiicin 129
6.2 Traditional Experimental APproach ... 131
6.3 Inverse Problem APProach.........ccooii 134
6.3.1 Heat EQUAtioN..........cccceeiiiiie i 134
6.3.2  Parameter EStIMation.........ccccoccvveiiiinininicieee e 135
6.3.3 Levenberg-Marquardt .........ccoocoeriiiinieie e 135
6.3.4 Confidence INntervals..........ccccoviiiiieiiciccie e 136

6.3.5 Application to the Characterization of a Phenolic Foam with
[ o 1T o USSR 136
6.4  EXPeriment DESIGN ..ot e 138
EXBICISES ittt ettt ettt nnes 138
7 Heat Conduction 141
7.1 Mathematical FOrmulation............ccccoooiiiiiiiininieeese e 141
7.2 Expansion in Terms of KNnown FUNCLIONS.........cccooviiinieiinnecicsieee, 144
7.3 Conjugate Gradient Method ... 144
7.4 Thermal Source in Heat Transfer by Conduction..............cccccoovnininene. 146
7.4.1 Heat Transfer by Conduction.............ccocvvviineneicne s, 146
7.4.2  Sensitivity Problem..........cccocoiiiiiiiii e 147
7.4.3  Adjoint Problem and Gradient Equation.............ccccceeevivennee. 147
7.4.4  Computation of the Critical POINt...........cccooiiiiiiiire 150
7.5 Minimization with the Conjugate Gradient Method................c..c........ 150
7.5.1 Conjugate Gradient Algorithm............c.cccooeiiiiviiicicie e 150
7.5.2  Stopping Criterion and Discrepancy Principle............cccccuoc..... 151
7.6 EStIMAtion RESUITS  ...cooiiiiiiiiicie e 152
EXEICISES oottt e 154
8 A General Perspective 157
8.1 Inverse Problems and Their TYPES. ..., 157
8.1.1 Classification of Problems...........ccccooviiiiiiiiicee, 157
8.1.2 Observation OPeratorsS.........cccevieiii e s 161
8.1.3 Inverse Problems in Practice.........c.ccocviiiniinieniceee, 162
8.1.4 Domain of DEPENTENCE.........cocoiiiiiiieiii e 164
8.1.5 Types of Inverse Problems...........cccccooniiiiniinincnee 168
8.2 Gradient Calculation..........ccocoiiiiiiiiiiiie 169
8.2.1 Reformulation of the Direct Problem ..., 169
8.2.2 Gradient Calculation by Its Definition.............cccoccvovieiieenennn, 169
8.2.3 Interpretation of the Gradient............ccoceovveiinniice 171
8.2.4  Operational Rule for the Computation ofthe Gradient . . . 173
Afterword: Some Thoughts on Model Complexity and Knowledge 177

A Spectral Theory and a Few Other Ideas From Mathematics

A.l Norms, Inner Products and Tensor Products...........cccceevevvveeenee
A.2  Spectral TREOIEM.......c.cci e



KK Contents

A.3 Singular Value DeCOMPOSITION........ccoiiiiiiiieiieieseeseee e 195
A.4  Special Classes OF MAtriCes..........cccocvveveiiiiiicce e 200
A.41l  Projection MatriCeS........ccooeiiieiieii i 200

A.4.2 Forgetting MatriCeS..........ccccveviiiiiecie e 202

A5 Taylor's FOrMUIGE..........ccccov i 204
EXEICISES ottt bbb bbb 207
References 233

Index 239



