CONTENTS

PREFACE TO THE REVISED 2010 EDITION

PREFACE

|  AXIOMATIC SET THEORY

CHAPTER 1 GENERAL BACKGROUND

8L WAt is iNFINITY 2 e

82  Countable or UnCoUNtabIE?.......coviiiiii e
83 A NON-AENUMErADIE S .. i
84 Larger and SM @llr ..o e
85  The continuum ProbIEM ..o
86  Significance Of the FESUIES. ..o s
87  FrEQE SELENBOTY c ittt s be et sr e sbe et
88  RUSSEIIS PATAG OX cueiiieiieiieiit ittt ettt st st ene e ene s
89  Zermelo SELthEOMY .o
810  SEtS ANA ClASSES cuiiiiiiieiieitee ettt ettt sttt

CHAPTER 2 SOME BASICS OF CLASS-SET THEORY

81 Extensionality and SEPAratioN..........cccccieiiirininieisise e
82  Transitivity and SUPErCOMPIETENESS......c.oiviiiirierieieirie e
83  AXIOM OFthe EMPLY SET..iiiiiiiiiii e e eres
S I (T o 1T o I D q o] o SRS
85 The UNION @XT0 M .ttt

86 The power axiom
87  CarteSian PrOUUCES  ....ooviiiiciiciciie ettt sttt sb e s beereebe st e sre e e besresnens
88  REIALIONS oottt et ettt re ettt nens
8 FUN CTIONS ittt ettt
810 Some useful facts about tranSITIVITY.......cocoveiiiiiiiee e
811  BaASIC UMV BT SES iuiiiiiieieiieiieteitestes et e e st ee et be et et eseabe st et et eseenesbeste s eneesessentenees

CHAPTER 3 THE NATURAL NUMBERS

8L PreliMiNATIES. ettt ettt
82  Definition of the natural NUMDErS........cccooiiiii
83  Derivation of the Peano postulates and other resultS........ccocvvviiveiiiie e,
84 A double induction principle and its applications .........cccocieeie i iineie e
85  Applications to natural NUMBDETS. ...
R T 11 (=T - SO RSP

87  DenuMErable ClasSSe S ...
88  Definition by fiNIte FECUTISTON ..o

|

o b ww



X CONTENTS

89  SUPPIEMENt—0PLION AL cuciiiicieiiee e

CHAPTER 4 SUPERINDUCTION, WELL ORDERING AND CHOICE

81 Introduction tO Well Ordering.....ccooiiiiiee e
82  Superinduction and double SUPerinduCtioN..........cccovvieiiiiiiee e
83  The well ordering Of N-TOWEIS ...
84  Well ordering and ChOICE ......cciciiicce e e
85 Maximal PriNCIPIES . ..ciiiiiiciie et
86  Another approach to maximal prinCiples. ...
87  COWEN'S tNBOTEIM ..ottt seeresne e eneas
88 Another characterization Of N - S TS ..o

CHAPTER 5 ORDINAL NUMBERS

81 Ordinal NUMDEIS ..ottt ettt et e sttt asereereseeeens
82 Ordinals and tranSItIVITY ........ccooiiiiiriiese s
I T 1 Tl ] €0 L g U

CHAPTER 6 ORDER ISOMORPHISM AND TRANSFINITE RECURSION

8L A W PrelimMiNariEs. ..ot et
82 Isomorphisms Of Well OFderings  .....coviieiiiecece e
83 The axiom Of SUBSTITUTION.......ccciiiiicece et
84 The COUNtING TNEOTEM .. .iiiiie et sre e e
85 Transfinite recursion thEOTrEM S ...t
86  Ordinal arithMEtiC......coi i e e sre

CHAPTER 7 RANK

81 The NOION OF FANK  ..ioeiiii ettt sbe e sre e sbe e s beesreeebe e
82  OrdiNal NIBTAICNIBS .ottt etee et s tae e sbe e ereeens
83 Applications t0 the RASEQUENCE ....ccuiiveiieiririe e
T A= 01 U [ U T A=Y =T R

CHAPTER 8 FOUNDATION, 6-INDUCTION, AND RANK

81 The notion of Well-FoUNEANESS  ...cvvevieiecre et
82 DeSCending €-CRaiNS . ....ciiiiiiiiiese ettt
83 B-INAUCHION ANA FAN K c.ocvvieeciecic ettt ettt reere st eaeneas
84 Axiom E and Von Neumann’s prinCiple. ...
85 Some other characterizations of 0rdinalS.......cccooiiiiiiicii e
86 More on the axiom Of SUDSTITUTION ......ccoiiiiiiiic e

CHAPTER 9 CARDINALS

81 SOME SIMPIE FACTS ... et ee e
82 The Bernstein-Schroder thEOTEM ....cvv i
83 DENUMEIADIE SE TS .eiiieiiii ettt ettt e st e et e et e st s saeesaeesneesreesaeeeres e
84 Infinite sets and ChoICE TUNCLIONS ....c.cci i e
85  HaArt0g S thEOTEIM .ottt see e e
86 A fundamental thEOTEM ......c.cv ittt
A o €=Y HT T T U LT
88  Cardinal ArithMBLIC . ....iiiiiiecie ettt s
89  Sierpitiski’s thEOTEIM  .....oiiiiiiii s

47
47
52
56
57
61
64
66
68

71
71
75
76

79
79
80
82
83
84
88

a1
9
92
93
96

99

99
100
101
103
104
106



CONTENTS

Xl

I CONSISTENCY OF THE CONTINUUM HYPOTHESIS 125
CHAPTER 10 MOSTOWSKI-SHEPHERDSON MAPPINGS 127
81  Relational SYSIEMS  ....ociiiciiee e 127
82  Generalized induction and F-rank .........cccocviiiiieiiiiciee s 129
83  Generalized transfinite FECUTISTON ....civiiieieieiceee e 133
84  MOoStowsKi-ShepherdSOn M aP S . ..ot 134
85  More on Mostowski-Shepherdson MappPingsS......ccceviiiereieinereseeee e 136
86  Isomorphisms, Mostowski-Shepherdson, well 0rderings........ocoovvvveveieinieneneiienenn 137
CHAPTER 11 REFLECTION PRINCIPLES 141
80 P M iNaArTES ottt re e 141
81  The Tarski-Vaught theOTEmM .......oci e 145
82  We add extensionality CONSIAEratioNS..........cviieireiiieisee e 147
83  The class version of the Tarski-Vaught theorems..........cccceviiiviiiiieciccc e 148
84  Mostowski, Shepherdson, Tarski, and V aught........cccoooiiiiiiiiiiiii e 150
85  The Montague-Levy reflection theorem ..o 151
CHAPTER 12 CONSTRUCTIBLE SETS 155
80  More on first-order definability.......cccooviiiiiie 155
81  The class L of CONSIIUCTIDIE S € 1S .uviiiiiiieie e 156
82 A D SOIULENESS it 158
83  CONSLIUCLIDIE ClaSSES iiiiiiiiiii ettt sttt sresneenees 163
CHAPTER 13 LIS AWELL FOUNDED FIRST-ORDER UNIVERSE 169
S N o 1 €5 0] €0 L= QU A =t PR 169
82  Some preliminary theorems about first-order UNiVerses.......ccoveveevieeceeneveseeeen 172
83 MOre ON firSt-0rder UNIVEISES . ..cuiiiiiiiieieeiisiesie ettt 174
LS A (o) 1 g L=Vl =T V1§ TR 177
CHAPTER 14 CONSTRUCTIBILITY IS ABSOLUTE OVER L 179
81  Z-formulas and upward aDSOIUTENESS........cvviiiiiie e 179
82  More on Edefinability ....ccoooiiiee s 181
83 The relation Y = T {X) ciiiiiiiieeeie ettt 183
84  Constructibility is abSOIULE OVEI L ...covviiiiiecceee e 189
85 FUMNEI TESUILS ...oiiiiiicteiceee et b s 190
86 A proofthat L.canbe Well 0rdered. ... e 191
CHAPTER 15 CONSTRUCTIBILITY AND THE CONTINUUMHYPOTHESIS 193
80  WHAt WE WIll 0 ..t 193
8L THE KEY FESUIT .o 194
82  Godel’s isomorphism theorem (OPtioNal).......ccocvieiiiiiiniii i 196
83  Some consequences OF TREOIEM G ....ooooiiiiiiiciee e 198
84  Metamathematical consequences 0f Theorem G ........coooviiieiiiniicee 199
85  Relative consistency of the axiom 0f ChOICe .....coceeiiiiiee 200
86 Relative consistency of GCH and AC in class-Set theory........ccccoovviieienincnciens 201



xii CONTENTS

Il FORCING AND INDEPENDENCE RESULTS 205
CHAPTER 16 FORCING, THE VERY IDEA 207
81 What IS TOICING? .ottt b e sresbeans 207
82  What is MOdal 10 GIC? .o et 209
83 Whatis54 and WhY dO WE CATE?......cviiiiiiiiieirieieee et 213
84  Aclassical eMBEAAING ..o e 215
85 ThE DASIC 1U B @ .cuiciiiiii et b e be b e e s beste e s e srenre s 221
CHAPTER 17 THE CONSTRUCTION OF 54 MODELS FOR ZF 223
81 What are the MOAEIS?...ueciii e e e e sre e 223
SV N o Lo U <o [0 Y SR RT 229
83 The well founded SEtS are PreSENT. ..o it 233
84 FOUI MOME AXI0MIS .. uiiiiitiiite ittt sttt te s r et e te et e s re st e e be e s e s besbeebeesbesbesbeereeresrasneens 235
85  The definability 0f FOTCING .cooiiiice e 239
86 The substitution axiom SChEMA. ... 242
87  The axiom 0F ChOICE  ...viiiicc e e e 244
88  WhEre WE STAN N O W ..ocieiiiciec ettt be e s te e s te e s te et e e ste e nte e sreenns 247
CHAPTER 18 THE AXIOM OF CONSTRUCTIBILITY IS INDEPENDENT 249
S 1N d oo (U o3 d o SRS SRR 249
82 Ordinals are Well DENAVE.........cciiiiiiiicce e 249
83 Constructible sets are well DENAVed tO 0 ........ccovviiiiiiiiii 251
84 A TEAlI SA MOUERL, At 1A ST ..eeeeeeeeeee ettt e e e e e e e 252
85 Cardinals are sometimes Well behaved.........ccoovviiiiiiiicic e 253
86 The status of the generalized continuum hypothesiS........cccvviiiiiniiin e 256
CHAPTER 19 INDEPENDENCE OF THE CONTINUUM HYPOTHESIS 259
8L POWET POIITICS cuiviiiiiciiii ettt e 259
82  TRE MOAEI. .ot b et re e eneas 259
83 Cardinals stay CardiNalS........ooiiiiieii e 260
84 CH IS INAEPENUBNT.....cviviiicieieiie ettt 262
85 ClEANING IE U P rovreie ettt st e et et e s beebe et e s besbe e e e stesteeneens 263
86 WIAPPING 1L UD oottt 266
CHAPTER 20 INDEPENDENCE OF THE AXIOM OF CHOICE 267
8L A TIIE NESTOTY ettt 267
82  AULOMOIPNISIM GIOUPS .ottt 268
83  AUtOMOrphiSms Preserve trUth ..o e e 270
84 Model and SUDMOUE]......coiiieec e nre e 272
85 Verifying the @XT0M S....iiiiiiiiicei et 273
86 AC IS INAEPENUEBNL.....cviviieieietiiie ettt 278
CHAPTER 21 CONSTRUCTING CLASSICAL MODELS 285
81 ON couNtable M OAEIS ..o 285
82 CONBN S WAY .utiiiiiiiie ettt sttt sttt st e e e e st e st e e te e besbeebeereesbesbeereetenreareens 286
83 Dense sets, filters, and geNeriC SETS ..i it 287
84 WHEN JENETIC SEIS B X TS T..iuiiiiiiiiiiiiiieiieeee ettt 289
85 GENEIIC BXTBNSIONS .ottt sttt e st et s be s be et s e besbeeae e e e sresreens 291
86 The trUth IEIMMIA...c.ei e et sre e sreesreesree e 294



CONTENTS Xiii

87 CONCIUSION oot e et e e e et e e e et e e e et e e e et e e ee e e e e e e e nnnes 296
CHAPTER 22 FORCING BACKGROUND 299
LY A Do o Yo [V T o1 AT Y IR T TP TR TP 299
82 CONEN’S VEISION(S)  ..oiveveieriiieieieie sttt sttt 300
83  B00IeaN VAIUBA M O EIS ... ittt et e et e e et e e et e e e e e e e eeee e e naenes 301
84 UNramified FOTCING ..ot nee e 301
B B XTI S OIS e ettt ettt e e e e et e et e e et e e et e e e te e et e et e eeeeaeteearee e e e raaeaaaeaiaeens 302
BIBLIOGRAPHY 305
INDEX 307

LIST OF NOTATION 313



