Contents

Introduction Vi
About Differential Geometry VIT
About This Book VI
Prerequisites VITT

Chapter 1. Curves 1

1. Parametrized Curves 2
2. The Inner Product (Linear Algebra Background) 9
3. Acceleration Ib
4. Reparametrization 18
5. Curvature 24
6. Plane Curves 32
7. Space Curves 41
8. Rigid Motions 48
9. Overview of Curvature Formulas 60

Chapter 2. Additional Topics in Curves 61

1. Theorems of Hopf and Jordan 61
2. Convexity and the Four Vertex Theorem(Optional) 72
3. Fenchel's Theorem (Optional) 78
4. Green’s Theorem (Calculus Background) 81
5. The Isoperimetric Inequality (Optional) 97
6. Huygens’'s Tautochrone Clock (Optional) 101
Chapter 3. Surfaces 113
1. The Derivative of a Function from Rm to Rn 113
2. Regular Surfaces 125
3. Tangent Planes 141
4. Area Distortion and Orientation (LinearAlgebra Background) 147
5. Orientable Surfaces 151



VI

© ®~N o

10.

CONTENTS

Surface Area

Isometries and the First Fundamental Form
Equiareal and Conformal Maps (Optional)

The First Fundamental Form in Local Coordinates

An Alternative Characterization of Regular Surfaces

(Optional)

Chapter 4. The Curvature of a Surface

1.
2.

~No bW

The Gauss Map

Self-Adjoint Linear Transformations

(Linear Algebra Background)

Normal Curvature

Geometric Characterizations of Gaussian Curvature
The Second Fundamental Form in Local Coordinates
Minimal Surfaces (Optional)

The Fary-Milnor Theorem (Optional)

Chapter 5. Geodesics

1.

©NOUAWN

9.

Definition and Examples of Geodesics

The Exponential Map

Gauss’s Remarkable Theorem

Complete Surfaces

Parallel Transport and the Covariant Derivative
Geodesics in Local Coordinates

Gaussian Curvature Measures Infinitesimal Holonomy

Arc-Length Variation: Tire Tracks on a Curved Surface

( Optional)
Jacobi Fields (Optional)

Chapter 6. The Gauss-Bonnet Theorem

1.
2.

3.
4.

The Local Gauss Bonnet Theorem
The Global Gauss Bonnet Theorem
Compact Surfaces

A Sampling of Other Global Theorems

Appendix A. The Topology of Subsets

e

of Rn '
Open and Closed Sets and Limit Points
Continuity
Connected and Path-Connected Sets
Compact Sets

Recommended Excursions

Image Credits

Index

160
165
170
182

188

193
195

201
206
213
217
227
237

247
247
257
268
275
280
289
298

303
309

319
320
326
334
342

345
345
350
352
353

357

359

363



