
Contents

Introduction v

1 Prologue 1
1.1 The Korovkin th e o re m ............................................................................... 1
1.2 Notes and co m m en ts .................................................................................. 3

2 Compact convex sets 4
2.1 Geometry of convex s e t s ...........................................................................  5

2.1 .A Finite-dimensional case ..............................................................  5
2.1 .B The Krein-Milman th e o re m ........................................................ 9
2.1.С Exposed p o in ts ..............................................................................  21

2.2 Interlude: On the space M ( K ) ..................................................................  22
2.3 Structures in convex s e t s ............................................................................ 26

2.3.A Extremal sets and faces ................   26
2.3.В Measure convex s e t s ..................................................................... 30
2.3.C Measure extremal s e t s .................................................................. 36

2.4 E x e rc ise s .....................................................................................................  40
2.5 Notes and co m m en ts ..................................................................................  49

3 Choquet theory of function spaces 52
3.1 Function sp aces............................................................................................ 53
3.2 More about Korovkin theorems..................................................................  64
3.3 On the H-bary center m a p p in g ..................................................................  66
3.4 The Choquet representation theorem ........................................................  67
3.5 In-between th e o re m s..................................................................................  70
3.6 Maximal m e a su re s .....................................................................................  73
3.7 Boundaries and the Simons lem m a............................................................ 78
3.8 The Bishop-de Leeuw theorem ..................................................................  81
3.9 Minimum principles ..................................................................................  84
3.10 Orderings and dilations...............................................................................  86
3.11 E x e rc ise s ...................................................................................................... 95
3.12 Notes and co m m en ts ..................................................................................... 105

4 Affine functions on compact convex sets 107
4.1 Affine functions and the barycentric form ula...............................................107
4.2 Barycentric theorem and strongly affine functions...................................... 113



x ii Contents

4.3 State space and representation of affine fu n c tio n s ...................................120
4.4 Affine Baire-one functions on dual unit balls ...................................... 127
4.5 E x e rc ise s .......................................................................................................129
4.6 Notes and co m m en ts ................................................................................... 133

5 Perfect classes of functions and representation of affine functions 135
5.1 Generation of sets and fu n c tio n s ...............................................................136
5.2 Baire and Borel se ts ........................................................................................ 142
5.3 Baire and Borel m a p p in g s ........................................................................... 146
5.4 Perfect classes of functions..........................................................................149
5.5 Affinely perfect classes of fu n c tio n s ..........................................................150
5.6 Representation of'H-affine functions..........................................................154
5.7 E x e rc ise s .......................................................................................................159
5.8 Notes and co m m en ts ................................................................................... 166

6 Simplicial function spaces 168
6.1 Basic properties of simplicial sp aces ..........................................................169
6.2 Characterizations of simplicial s p a c e s ...................................................... 176
6.3 Simplicial spaces as L x-preduals................................................................ 178
6.4 The weak Dirichlet problem and A C(H)-exposed points...................... 180
6.5 The Dirichlet problem for a single fu n c tio n ..........................................182
6.6 Special classes of simplicial spaces .......................................................185

6.6.A Bauer simplicial spaces....................................................................185
6.6.B Markov simplicial spaces................................................................ 188
6.6.C Simplicial spaces with Lindelöf boundaries ................................ 190
6.6.D Simplicial spaces with boundaries of type Fa .............................192

6.7 The Daugavet property of simplicial s p a c e s .............................................196
6.8 Choquet simplices .......................................................................................198

6.8.A Simplicial function spaces and the classical definition of
Choquet s im p lic e s .......................................................................... 198

6.8.B Prime function spaces and prime compact convex sets . . . .  200
6.8.C Characterization of Bauer simplices by f a c e s ............................ 202
6.8.D Fakhoury’s theorem ...................................................................... 203

6.9 Restriction of function spaces ................................................................... 204
6.10 E x e rc ise s .......................................................................................................205
6.11 Notes and co m m en ts ................................................................................... 213

7 Choquet theory of function cones 216
7.1 Function c o n e s .............................................................................................216
7.2 Maximal m e a su re s .......................................................................................222
7.3 Representation theorem ................................................................................ 224
7.4 Simplicial cones ..........................................................................................227



Contents xiii

7.5 Ordered compact convex sets and simplicial measures..........................232
7.6 E x e rc ise s .................................................................................................... 240
7.7 Notes and co m m en ts .................................................................................243

8 Choquet-like sets 244
8.1 Split and parallel f a c e s ................................................................................ 244
8.2 %-extremal and %-convex s e t s ................................................................... 246
8.3 Choquet sets, M - sets and P - s e ts ................................................................ 250
8.4 T~L-exposed s e t s ............................................................................................. 257
8.5 Weak topology on boundary m easures...................................................... 259
8.6 Characterizations of simpliciality by Choquet s e ts ...................................262
8.7 E x e rc ise s ....................................................................................................... 268
8.8 Notes and co m m en ts ....................................................................................273

9 Topologies on boundaries 274
9.1 Topologies generated by extremal s e t s ...................................................... 274
9.2 Induced measures on Choquet boundaries................................................278
9.3 Functions continuous in crext and <ттах to p o lo g ie s ...................................284
9.4 Strongly universally measurable functions................................................288
9.5 Facial topology generated by M -se ts ..........................................................296
9.6 E x e rc ise s ....................................................................................................... 303
9.7 Notes and co m m en ts ....................................................................................308

10 Deeper results on function spaces and compact convex sets 310
10.1 B o u n d aries .................................................................................................311

10.1.A Shilov b o u n d a ry ...........................................................................311
10.1.В Boundaries in Banach spaces..........................................................314

10.2 Isometries of spaces of affine continuous fu n c tio n s ................................320
10.3 Baire measurability and boundedness of affine fu n c tio n s ...................... 323

10.3.A The Cantor set and its properties................................................... 323
10.3.B Automatic boundedness of affine and convex functions . . . .  328

10.4 Embedding of t x .......................................................................................... 335
10.5 Metrizability of compact convex s e ts ..........................................................338
10.6 Continuous affine im ages............................................................................. 351
10.7 Several topological results on Choquet boundaries................................... 358

10.7.A The Choquet boundary as a Baire s p a c e .....................................358
10.7.В Polish spaces as Choquet boundaries............................................359
10.7.C iC-countably determined boundaries............................................364

10.8 Convex Вaire-one functions .......................................................................365
10.9 Function spaces with continuous e n v e lo p e s .............................................370

10.9.A Stable compact convex se ts ............................................................. 370
10.9.B CE-function sp aces ..........................................................................376



xiv  Contents

10.10 E x e rc ise s ....................................................................................................... 378
10.11 Notes and co m m en ts ....................................................................................384

11 Continuous and measurable selectors 389
11.1 The Lazar selection th e o re m ......................................................................389
11.2 Applications of the Lazar selection th eo rem ............................................ 394
11.3 The weak Dirichlet problem for Baire functions......................................398
11.4 Pointwise approximation of maximal m e a su re s ..................................... 400
11.5 Measurable se le c to rs ...................................................................................402

11.5.A Multivalued m ap p in g s ................................................................... 402
11.5.В Selection theorem ............................................................................. 406
11.5.С Applications of the selection th e o re m ..........................................409

11.6 E x e rc ise s ...................................................................................................... 412
11.7 Notes and co m m en ts ...................................................................................416

12 Constructions of function spaces 419
12.1 Products of function spaces......................................................................... 420

12.1.A Definitions and basic p ro p e rtie s ................................................... 420
12.1.В Maximal measures and extremal sets ......................................... 424
12.1.C Partitions of unity and approximation in products of function 

spaces................................................................................................ 428
12.1.D Products of simplicial spaces..........................................................436

12.2 Inverse limits of function s p a c e s ................................................................440
12.2.A Admissible mappings.......................................................................440
12.2.B Construction of inverse l i m i t s ...................................................... 442
12.2.C Inverse limits of simplicial function s p a c e s ................................445
12.2.D Structure of simplices ................................................................... 447

12.3 Several ex am p les......................................................................................... 455
12.3.A The Poulsen s im p lex .......................................................................455
12.3.B A big simplicial s p a c e ................................................................... 465
12.3.C Functions of affine classes and Talagrand’s example ................470

12.4 E x e rc ise s ...................................................................................................... 477
12.5 Notes and co m m en ts ................................................................................... 486

13 Function spaces in potential theory and the Dirichlet problem 489
13.1 Balayage and the Dirichlet p ro b le m .......................................................491

13.1.A Essential solution of the generalized Dirichlet problem . . . .  494
13.2 Boundary behavior of solutions ................................................................496

13.2.A Regular points for the Laplace eq u a tio n ...................................... 497
13.2.B Regular points for the heat eq u a tio n .............................................503

13.3 Function spaces and cones in potential th e o ry ......................................... 504
13.3.A Function spaces and cones: Laplace eq u a tio n .............................505



Contents XV

13.3.B Function spaces and cones in parabolic potential theory and 
harmonic s p a c e s ..............................................................................510

13.3.C Continuity properties of H (ř7)-concave functions...................... 513
13.3.D Separation by functions from H ( t / ) .............................................515

13.4 Dirichlet problem: solution m ethods..........................................................517
13.4.A PWB solution of the Dirichlet problem ...................................... 518
13.4.B Cornea’s approach to the Dirichlet p ro b le m ................................523
13.4.C The Wiener s o lu t io n ....................................................................... 530
13.4.D Fine Wiener so lu tio n ....................................................................... 532
13.4.E PDE solutions in Sobolev spaces................................................... 534

13.5 Generalized Dirichlet problem and uniqueness q u e s tio n s .....................537
13.5.A Lattice a p p ro a c h ............................................................................. 538
13.5.В Uniqueness for the Laplace equation.............................................540
13.5.C Keldysh theorems in parabolic and axiomatic potential theories 542

13.6 E x e rc ise s ....................................................................................................... 546
13.7 Notes and c o m m en ts ....................................................................................555

14 Applications 563
14.1 Representation of convex functions .........................................................564
14.2 Representation of concave functions......................................................... 567
14.3 Doubly stochastic m atrices......................................................................... 572
14.4 The Riesz-Herglotz th eo rem ......................................................................573
14.5 Typically real holomorphic functions......................................................... 575
14.6 Holomorphic functions with positive real p a r t .........................................580
14.7 Completely monotonic functions................................................................586
14.8 Positive definite functions on discrete g r o u p s .........................................589
14.9 Range of vector measures.............................................................................593
14.10 The Stone-Weierstrass approximation th e o re m ...................................... 595
14.11 Invariant and ergodic m easures....................................................................597
14.12 E x e rc ise s ....................................................................................................... 603
14.13 Notes and co m m en ts ....................................................................................605

A Appendix 608
A. 1 Functional an a ly s is .......................................................................................608

A. 1 .A Locally convex s p a c e s ...................................................................608
A. 1 .B Banach s p a c e s ................................................................................ 609
A.I.С Ordered Banach spaces and la t t i c e s ............................................ 610

A.2 T o p o lo g y .......................................................................................................615
A.2.A Compact spaces and Čech-Stone com pactification.................. 616
A.2.B Baire and Borel sets ...................................................................... 619
A.2.C Semicontinuous fu n c tio n s .............................................................621
A.2.D Baire spaces and sets with the Baire p ro p e r ty ............................ 623



xvi Contents

А.З Measure th e o ry .............................................................................................624
А.З.А Measure sp aces ........................................................................... 624
A.3.B Radon measures on locally compact а -compact spaces . . . .  626
A.3.C Images, products and inverse limits of Radon measures . . . .  632
A.3.D Kernels and disintegration of measures ..................................... 636

A.4 Descriptive set theo ry ................................................................................... 637
A.5 Resolvable sets and Baire-one functions...................................................640
A.6 The Laplace equation ...................................................................................645

A.6. A Weak solutions of the Laplace e q u a tio n ................................. 647
A.7 The heat equation ......................................................................................... 649
A.8 Axiomatic potential th e o ry ......................................................................... 652

A.8.A Bauer’s axiomatic th e o ry ........................................................... 653
A.8.В Hyperharmonic and superharmonic fu n c tio n s ....................... 654
A.8.C P o ten tia ls ..................................................................................... 656
A.8.D Superharmonic functions and Green p o te n tia ls .................... 657
A.8.E Superharmonic functions and potentials for the heat equation . 660
A.8.F B a la y a g e ..................................................................................... 661
A.8.G Thinness, base and fine topology.............................................. 663
A.8.H Polar and semipolar s e t s ........................................................... 665

Bibliography 669

List of symbols 695

Index 703


