
C ontents

P reface  to  th e  first ed itio n  x i

P reface  to  su b seq u en t ed itio n s x v ii

1 In tro d u ctio n  1
1.1 W hat is a n a ly s is ? ........................................................................ 1
1.2 W hy do a n a ly s i s ? ........................................................................ 2

2 S tartin g  at th e  beginn ing: th e  n atu ral num bers 13
2.1 The Peano a x io m s........................................................................ 15
2.2 A d d i t io n ............................................................................................ 24
2.3 M u ltip lic a tio n ...................................................................................29

3 S et th eo ry  33
3.1 F u n d a m e n ta ls ...................................................................................33
3.2 Russell’s paradox (O p t io n a l) ........................................................46
3.3 F u n c tio n s .............................................................................................49
3.4 Images and inverse i m a g e s ........................................................... 57
3.5 C artesian products ........................................................................ 62
3.6 Cardinality of s e t s ............................................................................68

4 In tegers and rationale 74
4.1 The in te g e r s ......................................................................................74
4.2 The ra tio n a le ......................................................................................81
4.3 Absolute value and exponen tia tion ..............................................86
4.4 Gaps in the rational n u m b ers ........................................................90

5 T h e real num bers 94
5.1 Cauchy se q u e n c e s ............................................................................96
5.2 Equivalent Cauchy sequences......................................................100
5.3 The construction of the real n u m b e r s ..................................... 102



viii Contents

5.4 Ordering the r e a l s ..........................................................................I l l
5.5 The least upper bound p r o p e r ty ...............................................116
5.6 Real exponentiation, pa rt I .........................................................121

6 L im its o f  seq u en ces 126
6.1 Convergence and limit la w s .........................................................126
6.2 The Extended real num ber s y s te m ........................................... 133
6.3 Suprema and Infima of s e q u e n c e s ............................................137
6.4 Limsup, Liminf, and limit p o in ts ...............................................139
6.5 Some standard l i m i t s ................................................................... 148
6.6 Subsequences....................................................................................149
6.7 Real exponentiation, pa rt I I ..................................................... 152

7 Series 156
7.1 Finite s e r i e s ....................................................................................156
7.2 Infinite se rie s ....................................................................................165
7.3 Sums of non-negative n u m b e rs .................................................. 171
7.4 Rearrangem ent of s e r ie s ................................................................175
7.5 The root and ratio  t e s t s ................................................................179

8 In fin ite  se ts  182
8.1 C o u n ta b il i ty .................................................................................... 182
8.2 Sum m ation on infinite s e t s .........................................................189
8.3 Uncountable s e t s ............................................................................. 196
8.4 The axiom of c h o ic e .......................................................................199
8.5 Ordered s e t s ....................................................................................203

9 C on tin uou s fu n ction s on  R  212
9.1 Subsets of the real l i n e ................................................................212
9.2 The algebra of real-valued fu n c tio n s ........................................ 218
9.3 Limiting values of functions ......................................................221
9.4 Continuous f u n c t io n s ................................................................... 228
9.5 Left and right l im its ...................................................................... 232
9.6 The maximum p rin c ip le ................................................................235
9.7 The interm ediate value t h e o r e m ...............................................239
9.8 Monotonie fu n c tio n s...................................................................... 242
9.9 Uniform c o n t in u i ty ...................................................................... 244
9.10 Limits a t in fin ity ............................................................................. 250



Contents ix

10 D ifferen tia tion  o f  fu n ction s 252
10.1 Basic d e fin itio n s ............................................................................252
10.2 Local maxima, local minima, and d e riv a tiv e s ......................258
10.3 Monotone functions and d e r iv a tiv e s ...................................... 261
10.4 Inverse functions and d eriva tives ............................................. 262
10.5 L ’H ôpitaľs r u l e ........................................................................... 265

11 T h e  R iem an n  in tegra l 268
11.1 P a r tit io n s .........................................................................................269
11.2 Piecewise constant fu n c t io n s ....................................................273
11.3 Upper and lower Riem ann in te g r a l s ...................................... 277
11.4 Basic properties of the Riemann i n t e g r a l ............................ 281
11.5 Riemann integrability of continuous f u n c t i o n s .................. 286
11.6 Riemann integrability of monotone fu n c tio n s ......................290
11.7 A non-Riem ann integrable f u n c t io n ...................................... 292
11.8 The Riem ann-Stieltjes in te g r a l .................................................293
11.9 The two fundam ental theorem s of c a lc u lu s ......................... 296
11.10 Consequences of the  fundam ental th e o re m s ......................... 301

A  A p p en d ix: th e  b asics o f  m a th em a tica l logic 306
A .l M athem atical s ta te m e n ts ...........................................................307
A.2 Im p lica tio n ..................................................................................... 313
A.3 The structure of p r o o f s .............................................................. 318
A.4 Variables and q u a n ti f ie r s ...........................................................321
A.5 Nested q u a n tif ie rs ........................................................................ 325
A.6 Some examples of proofs and quantifiers ............................ 328
A. 7 E q u a l i t y .........................................................................................330

В  A p p en d ix: th e  d ecim al sy stem  333
B .l The decimal representation of na tu ra l n u m b ers .................. 334
B.2 The decimal representation of real n u m b e rs .........................337

In d ex 341


