Statistics for Social and Behavioral Sciences

Haruo Yanai - Kei Takeuchi - Yoshio Takane
Projection Matrices, Generalized Inverse
Matrices, and Singular Value Decomposition

Aside from distribution theory, projections and the singular value decomposition
(SVD) are the two most important concepts for understanding the basic mechanism
of multivariate analysis. The former underlies the least squares estimation in regression
analysis, which is essentially a projection of one subspace onto another, and the latter
underlies principal component analysis, which seeks to find a subspace that captures
the largest variability in the original space.

This book is about projections and SVD. A thorough discussion of generalized inverse
(g-inverse) matrices is also given because it is closely related to the former. The book
provides systematic and in-depth accounts of these concepts from a unified viewpoint
of linear transformations in finite dimensional vector spaces. More specially, it shows
that projection matrices (projectors) and g-inverse matrices can be defined in various
ways so that a vector space is decomposed into a direct-sum of (disjoint) subspaces.
Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition will
be useful for researchers, practitioners, and students in applied mathematics, statistics,
engineering, behaviormetrics, and other fields.

Statistics

ISBN 978-1-4419-9886-6

977814417998866

» springer.com




Preface

1 Fundamentals of Linear Algebra
1.1 Victars g NIREMIORE- 7 - = s T T

Y1 N VO o NI S S AT _

S vl T T R e S AL T o e s St R Sl
1.2: NVeottor Spaces Boi SUDRREEE "o g+ 5 e N s R T s
B RS T TR LT Tt e e Bl e K o Wk e Lt LR
1.4 Eigenvalues and Eigenvectors . . . . .". . . ... .0 0. L.
15 Vaelor o Matt i P e L s
1.6 e By R T T Y e

2 Projection Matrices

21 " PDeRSIHION: i ca o Sn e ks e T BRI B
22 Orthogonal Brojection Matriges . - 1« .. v s v i
2.3 Subspaces and Projection Matrices . . . . . . ... ... ...

2.3.1 Decomposition into a direct-sum of
dislolnt - aubBpRdes ~ > e e
2.3.2 Decomposition into nondisjoint subspaces . . . . . . .
233 - Commulative BIOREEE (e o o e -
234 - Nonfominutative prdjectors .~ = . © = . . . . ...
24 Nom ol PIDCEOn Veetols 0 5 v - i bns oo s v oo i
2.5 Matrix Norm and Projection Matrices . . . ... ... .. ..
2.6 General Form of Projection Matrices . . . . . . . .. ... ..
AR T e T T S e e R R S e S

3 Generalized Inverse Matrices
3.1 Definition through Linear Transformations . . . . . . . . . ..
Hed Lol THORNIRER: o~ hh s s e e
3.2.1 Properties of generalized inverse matrices . . . . . . .

25
25
30
33

33
39
41
44
46
49
02
03



3.2.2 Representation of subspaces by
generalized INverees . - v T s L e
3.2.3 Generalized inverses and linear equations . . . . . . .
3.2.4 Generalized inverses of partitioned
SQUAre MALHINEE .y i 5 o5 i s vt ISR 02T |
3.3 A Variety of Generalized Inverse Matrices . . . . . . ... ..
3.3.1 Reflexive generalized inverse matrices . ... ... ..
3.3.2 Minimum norm generalized inverse matrices . . . . . .
3.3.3 Least squares generalized inverse matrices . . . . . . .
3.3.4 'The Moore-Penrose generalized inverse matrix . . . .
34 ExercisesiorUhapter @ £ itlosld wsoe: b slisicavains

Explicit Representations

41  PIoa M = e et e

4.2 Decompositions of Projection Matrices . . . . . . . ... ...

43 The MBhonl Dolol DOBRRE - . . & . e o et

4.4 Tinteniod TR i L s b s s T e e
4.4.1 A generalized form of least squares g-inverse . . . . .
4.4.2 A generalized form of minimum norm g-inverse . . .
4.4.3 A generalized form of the Moore-Penrose inverse . . .
444 Optimal g-inverses . . . . i« . aabianld aiien o3

45 Exerciseafor Uhapberd = - . . o enwieis

Singular Value Decomposition (SVD)

5.1 Definition through Linear Transformations . . . . . . . . . ..

D2 - BV NI PN - 0 0 i bt e e
5.3 SVD and Generalized Inverse Matrices . . . . . ... ... ..

5.4 Some Properties of Singular Values . . . . . . ... ......

5.5 DBxerciel r AP - & o sn e e

Various Applications
6.1 Linear RegttlO BRI . = . . o v o ik ..
6.1.1 The method of least squares and multiple
ey L SRS R St i St
6.1.2 Multiple correlation coefficients and
e PRI s e i et e e
6.1.3  The Gouss-MarEow 0008 . 0 - - . . @ i s w5 wes S0
G ABSVES ol VaFIBNoE b e e s e
i Gl B YRR PR e e e S e s e e e
B3 FWD-YaaaaEen o Tad oo o e

87
87
94
98
101
103

. 106

111
118
120



BC0  THORWRY OIIED: e e v v s v o ek
D2d - thocheal st - - L i

63 Mullivariade RBBIVEE s o s e s e e e
6.3.1 Canonical correlation analysis . . . . . ... ... ...
6.3.2 Canonical discriminant analysis . . . . ... ... ...
0.3.3 Principal'component anslyss . .. - . . . . . ... ..
6.3.4 Distance and projection matrices . . . . . . .. .. ..

6.4 Linear Simultaneous Equations . . . . .. .. .. .. .....
6.4.1 QR decomposition by the Gram-Schmidt

orthogonaligstion ethod . . . -, . . . . .« . i ..
6.4.2 QR decomposition by the
Householder transformation . . . . . . .. .. .. ...
0.4.3 Decomposition by projectors . . . . . .. ... .. ..
65 Exerciucs lorGhter 0 . - e s s ;
7 Answers to Exercises

DY ] s e s

T R b e R s ks s v

T3 LR ) N s v v s e e e

T4 SRl € 0 o o L i e e v

T I e v

(O CHROBE D o s e s e

8 References

Index

205
205
208
210
214
220
223

229

233



