
Contents

1 Introduction ...............................................  1
1.1 What is a Hybrid Dynamical System ? ............................................. 1
1.2 Why Do We Need a New Theory? .................................................. 2
1.3 Research Approaches ......................  4
1.4 Book Structure and Contents........... ................................................ 5
1.5 A Brief Instructor’s Guide ................  6
References ..................................................  7

2 Modeling of Hybrid Systems .................................... 11
2.1 Finite Automata................................................................................ 12

2.1.1 Finite Automaton Model .................................................... 14
2.1.2 Properties of Finite Automata............................................. 16
2.1.3 Regular Languages............................................................. 19

2.2 Hybrid Automata............................................................................. 21
2.2.1 Hybrid Automata Models .................................................. 22
2.2.2 Hybrid Automata Composition........................................... 27
2.2.3 Hybrid Execution ............................................................... 29
2.2.4 Determinism and Non-blocking Properties........................ 34

2.3 Switched and Piecewise Affine Systems .......................................... 38
2.3.1 Switched Systems............................................................... 38
2.3.2 Piecewise Affine Systems . ................................................ 45
2.3.3 Existence and Uniqueness of Solutions............................. 48

2.4 Summary ........................................  53
2.5 Notes and Further Reading ............  54
2.6 Exercises..........................................  56
References ................................................  62

3 Formal Verification..................................  65
3.1 Labeled Transition Systems............................................................. 66

3.1.1 Transition Systems........... .................................................. 66
3.1.2 Labeled Transition System ................................................. 69

X • • —
le

 
pe

m
 •



xiv Contents

3.2 Linear Temporal Logic .................................................................... 71
3.2.1 Linear Temporal Logic ...................................................... 71
3.2.2 LTL Model Checking......................................................... 74

3.3 Computation Tree Logic.................................................................. 79
3.3.1 Computation Tree Logic ................................................... 80
3.3.2 CTL Model Checking ....................................................... 82
3.3.3 Comparison Between LTL and CTL ..... ........................... 85

3.4 Bisimulation..................................................................................... 87
3.4.1 Simulation Relation ........................................................... 87
3.4.2 Bisimulation Quotient ....................................................... 89
3.4.3 Computing Bisimulations .................................................. 91

3.5 Timed Automata ............................................................................. 96
3.5.1 Timed Automata................................................................. 96
3.5.2 Timed Language................................................................. 99
3.5.3 Timed Computation Tree Logic ........................................ 101
3.5.4 Timed Automata Model Checking.................................... 104
3.5.5 Extensions of Timed Automata ........................................ 114
3.5.6 Zone Automata and Symbolic Reachability Analysis....... 117

3.6 Linear Hybrid Automata ................................................................ 124
3.6.1 Linear Hybrid Automata ................................................... 124
3.6.2 Runs of Linear Hybrid Automata....................................... 125
3.6.3 Symbolic Reachability Analysis of Linear Hybrid

Automata ............................................................................. 129
3.6.4 Symbolic Model Checking ................................................. 135

3.7 Verification of More General Hybrid Systems ................................ 143
3.7.1 Linear Dynamics ................................................................ 143
3.7.2 Barrier Certificate................................................................ 145

3.8 Summary ......................................................................................... 147
3.9 Notes and Further Reading ............................................................. 149
3.10 Exercises........................................................................................... 150
References ................................................................................................. 154

4 Stability and Stabilization....................................................................... 157
4.1 Lyapunov Stability Theory.............................................................. 158

4.1.1 Lyapunov Stability .............................................................. 158
4.1.2 Stability of Linear Time-Invariant Systems ....................... 165
4.1.3 Lyapunov Stability for Time-Varying Systems............... . . 170
4.1.4 Converse Lyapunov Theorem ............................................. 173

4.2 Stability of Hybrid Automata ........................................................ 176
4.3 Arbitrary Switching......................................................................... 179

4.3.1 Common Lyapunov Functions ............................................ 180
4.3.2 Common Quadratic Lyapunov Functions ........................... 181
4.3.3 Commutative Systems ......................................................... 182
4.3.4 Triangular Systems............................................................... 185



Contents xv

4.3.5 A Lie Algebraic Condition ................................................. 186
4.3.6 Switched Quadratic Lyapunov Functions .......................... 187

4.4 Constrained Switching ................................................................... 189
4.4.1 Stability with Dwell Time ................................................... 190
4.4.2 Stability with Average Dwell Time .................................... 191
4.4.3 Discrete-Time Case ............................................................ 192

4.5 Multiple Lyapunov Functions ......................................................... 195
4.5.1 Multiple Lyapunov Functions Theorem ............................ 196
4.5.2 Piecewise Quadratic Lyapunov Functions.......................... 203

4.6 Design of Stabilizing Switching Sequences ................................... 207
4.6.1 Quadratic Stabilization ...................................................... 207
4.6.2 Piecewise Quadratic Stabilization ..................................... 212

4.7 Summary ......................................................................................... 216
4.8 Notes and Further Reading ............................................................. 217
4.9 Exercises........................................................................................... 218
References ................................................................................................. 224

5 Optimal Control ..................................   227
5.1 Optimal Control Problem................................................................. 228
5.2 The Minimum Principle ................................................................... 229

5.2.1 Calculus of Variations ................................................ 229
5.2.2 Necessary Conditions for Optimal Control Solutions ........ 234
5.2.3 Pontryagin’s Minimum Principle ....................................... 245

5.3 Hybrid Optimal Control ................................................................... 250
5.3.1 Hybrid Optimal Control Problem......................................... 250
5.3.2 Basic Hybrid Minimum Principle ..................................... 258
5.3.3 Extensions of the Hybrid Minimum Principle ................... 260
5.3.4 Further Extensions of Hybrid Minimum Principles........... 269

5.4 Optimal Control of Switched Systems ............................................ 278
5.4.1 Optimal Control Problem for Switched Systems ............... 278
5.4.2 Two-Stage Optimization .................................................... 279
5.4.3 Embedding Optimization.................................................... 289

5.5 Model Predictive Control ................................................................. 297
5.5.1 Mixed-Logic Dynamical Systems ..................................... 298
5.5.2 Mixed-Integer Programming............................................... 303

5.6 Summary ......................................................................................... 305
5.7 Notes and Further Reading ............................................................. 307
5.8 Exercises........................................................................................... 308
References ................................................................................................. 312

6 Formal Synthesis....................................   315
6.1 Discrete Games ............................................................................... 316

6.1.1 Game Structure.................................................................... 316
6.1.2 Safety Games ...................................................................... 318
6.1.3 Reachability Games ............................................................. 321
6.1.4 Büchi Games............................................................................................. 322



xvi Contents

6.2 Differential Games ......................................................................... 324
6.2.1 Open-Loop Strategy............................................................. 325
6.2.2 Closed-Loop Strategy for One-Player Game ..................... 328
6.2.3 State-Feedback Strategy for Two-Player Games ................ 336
6.2.4 Two-Player Zero-Sum Games.............................................. 339
6.2.5 Pursuit-Evasion Games....................................................... 340

6.3 Unifying Discrete Games and Differential Games .......................... 342
6.3.1 Solving Discrete Games by Value Iteration ....................... 342
6.3.2 Differential Safety Games.................................................. 345

6.4 Timed Games................................................................................... 349
6.4.1 Timed Game Automata ...................................................... 349
6.4.2 Abstraction of a Timed Game............................................. 352
6.4.3 Symbolic Approach ........................................................... 355
6.4.4 Timed Automata Optimal Control ..................................... 359

6.5 Hybrid Games ................................................................................ 361
6.5.1 Hybrid Game Automata..................................................... 362
6.5.2 Solve the Reach-While-Avoid Operator as a Pursuit­

Evasion Game......................................................... 363
6.6 Control-Oriented Abstraction ........................................................ 365

6.6.1 Temporal Logic over Reals ................................................ 366
6.6.2 Linear Control Systems ..................................................... 367
6.6.3 Multi-affine Control Systems ............................................ 376
6.6.4 Approximate Bisimulation and Nonlinear Control

Systems ............................................................................... 380
6.7 Optimization-Based Approaches...................................................... 383

6.7.1 Signal Temporal Logic........................................................ 383
6.7.2 Trajectory Synthesis............................................................. 386
6.7.3 Robust Semantics ................................................................ 388

6.8 Summary ........................................................................................ 392
6.9 Notes and Further Reading ............................................................. 393
6.10 Exercises.......................................................................................... 395
References ................................................................................................. 398

Appendix A: Continuous and Sampled-Data Systems ............................. 401

Appendix B: Languages and Automata..................................................... 423

Index................................................................................................................ 437


