Contents

Introduction

1 Cyclohexane, cryptography, codes, and computer algebra

1.1 Cyclohexarie confofMBHCHE o + o e & 8 4 5 sie6v 6 4 o od o 3
1.2 'The RSA GIYPIOSYSIEI. . o o o 6 e » 5 0 55 o sim 6 4 i o o s »
13 Distributed dtaSUCIIEeS « « 5 6 s 5 65 s 00 50 3 4 5w 5 s
14 Compiter algebrasSySBME « « « wowve w v 5 5 s s & B S s
I Euclid
2 Fundamental algorithms
2.1  Representation and addition of numbers . . . . . .. .. ... ..
2.2  Representation and addition of polynomials . . . . .. ... ...
;R D L T PR PR SR, oot 1 i B TL®
24 Diision With Riamder . - . « « v o voa w6 d e d e P
110 E7 YL RO S e R s et W O 0 £ S A B 1T o S
EXBICINES & v s s awie v sl o 0 5 aile o B0 aebuid Seeanluigniia ey

3 The Euclidean Algorithm

31 Buelidealdomali®' . s s v+ & 006 6§ 4% Voie § EE @@ e 3
3.2, 'TheExtended Buclidean Algorithmn . . ¢ . v « e v s 4w s «
33 CostanalysisforZiand Fla] : « 55 6660 56 00 685 a4 we s
34 (Non-)Uniquencssoftheged . . oo o v 55 oo w v 6'a mwve
ol T PR P R NS e L R (R SR P S S T TR 3 ISR e
ERBIEINE o v o v v it w6 m w WS @ sk el sl o

4 Applications of the Euclidean Algorithm

4. MMOdalar S HEREHE . s v v s s v e E R w5 RS RS T A A
4.2 Modularinverses Vg Buclid: . . o wiw b o b o b iinssd et Lasbisa
4.3 RepCatedSqUarting « v o 5 5 ¥ s wiel v ¥ 8 56 i B s eaE
44 ModularinversesviaFermat . ., . . .. ... .. .........

vii

11
11
16
18
19

23

29
29
32
34
37
41
41

45
45
47
51
55
61
62



viii

Contents

4.5 Linear Diophantimcequations < « « oo v 5 v a5 e w5 5 % 0
4.6  Continued fractions and Diophantine approximation . . . . . . .
4~ CHENAME o6 o 5 & s B R b R A W
4.8 MusicAl'BeaIPE . : & v & 6 @ ARG E § Y R e

PO o st S0 ) fem Pt qCntind ke B 1L DL AL L

Modular algorithms and interpolation

51 Chongs OF TePIesentation . . . o« avae vw v w g wie s &8585
52 Evalationandinterpolation . . . . . o o0 000 see 0 wn s
3.3 Application: Secret8BAINE < : . v u s s 8 W e s R G 8
5.4  The Chinese Remainder Algorithm . . . ... ..........

5.5 Modular determinant computation . . . .. ... .........
56 HermieInterpoIRHON v v ws v 5w ssi s 5a & 6 5 @0 o 06 &
5.7 Rational function reconstruction . . . . .. ... ... .. ....
38 Cauchyinterpolation « i o srs s s wam b od 5 5 FamE B 5 o

55 PHoSapproXimEBon. .« v w5 wen o e W s o e e
5.10 Rational numberreconstruction . . . . . . . . . . ¢ s o v . o . .

3.11 Partial fractiondecomposition . . . ¢ v v i v v o v v e we s
NGBS Lo nes el 5 e o iy el e Dy B o, i o
EXORCIRBR s 5 5 s mlieisl 55 0 005 G 6 bl e s S

The resultant and ged computation

6.1 Coefficient growth in the Euclidean Algorithm . . . .. ... ..

G2 alB M ISHIINR 5 v [ s o wi e e e ey & b ek ) Tae

0.3 Thelelltant . « co v v 5% vs Govme s a8 G Ees % &

64  Modolir god algoOrithig ..« « o n wu we e s 0 s NS b

6.5 Modular ged algorithmin Flx,y] ... ..............

6.6  Mignotte’s factor bound and a modular ged algorithm in Z[x]
6.7 Small primes modular ged algorithms . . . . ... ... ... ..
6.8  Application: intersecting planecurves . . . . ... ...... ..
6.9 Nonzero preservation and the ged of several polynomials . . . . .
O 10 BubsSIlREEE o ;i i oo s 0 % S VB e N R
6.11 Modular Extended Euclidean Algorithms . . . . . ... ... ..
6.12 Pseudodivision and primitive Euclidean Algorithms . . . . . ..
b3 HODICTRENEAEIORRT . o & alivsl &% & & vmrae % % v o shielleh e AL G %
T I Sereare 5116 & o AL & om0, 35 % W om0 %

OISR R TR = & e % & GeE A R e e s G




Contents

II Newton

8 Fast multiplication

8.1
8.2
8.3
8.4

Karatsuba’s multiplication algorithm . . . ... ... ......
The Discrete Fourier Transform and the Fast Fourier Transform .
Schonhage and Strassen’s multiplication algorithm . . . . . . . .
Multiplication in Z[x] andR[x,y] . ................
INERER e ) i et U B e o B3 B e i R LR et
BXCICHRE o i o 5w 5 & 555 e e B e i g e

9 Newton iteration

9.1
9.2
9.3
94
9.5
9.6
9.7

Division with remainder using Newton iteration . . ... .. ..
Generalized Taylor expansion and radix conversion. . . . . . . .
Formal derivatives and Taylorexpansion . ... .........
Solving polynomial equations via Newton iteration . . . . . . . .
Computing INGEReT TO0R: . .-+ ¢ 5.0 v v o v ale sl w v 6 latiahie &
Newton iteration, Julia sets, and fractals . . . . .. .. ... ...
Implementations of fast arithmetic. . . . ... ..........
INGEER ol o lases g M s ey e D= e e G Ly

10 Fast polynomial evaluation and interpolation

10.1
10.2
10.3

Fast multipointevaluation . . . . .. ... ............
) R o SR G S SRR S B W G
Past Chittie iemBndering : « - < v s vo s v 0o v 65 s %5 6w
L SR O . gy i A,
BXCICISEN w5 00 5 ] e 3 s SR 3 S b e e et

11 Fast Euclidean Algorithm

11.1
11.2

A fast Euclidean Algorithm for polynomials . . . .. ... ...
Subresultants via Euclid’s algorithm . . . . . . ..., . ... ...
NOBR sty R e de 2R s T pws e bk

12 Fast linear algebra

12.1
12.2
12.3
12.4

Strassen’s matrix multiplication . . . . ..............
Application: fast modular composition of polynomials . . . . . .
Lineacly recurrent SOAqUERCBE. .« v & 5 @ i w6 wsie w6 e
Wiedemann’s algorithm and black box linear algebra . . . . . . .
NS & o 5w 5018050 5 & ) (e e e R o & Bhsas) &

ix

217

221
222
227
238
245
247
248

257
257
264
265
267
271
273
278
286
287

295
295
299
301
306
306

313
313
327
332
332




Contents

13 Fourier Transform and image compression

13.1
13.2

The Continuous and the Discrete Fourier Transform . . . . . . .
Audio and video compression . . . ... ... .. ........
ORS¢ mw 5 1 wmsn 5 5 Wt o aE B8 48 % e R W e

I GauB

14 Factoring polynomials over finite fields

14.1
14.2
14.3
14.4
14.5
14.6
14.7
14.8
14.9

Factorization of polynomials . . . . .. ... ...........
Bistitict-depree factorization s v s sss s sl e v e s 5w
Equal-degree factorization: Cantor and Zassenhaus’ algorithm . .
A complete factoring algorithm . . . . ..............
Application: root fiding . . . « .« o5 0w 5w s s 8w @
Souarclice TACOBZAEON . o « o s o s w5 Sk BT A B R
The iterated Frobenius algorithm . . ... ... .........
Algorithms based on linear algebra . . . ... ..........
Testing irreducibility and constructing irreducible polynomials

14.10 Cyclotomic polynomials and constructing BCH codes . . . . . .

In ol T RO e M R s, el St W e N T

15 Hensel lifting and factoring polynomials

15.1
15.2
1553
15.4
15:5
15.6
15.7

Factoring in Z[x] and Q[x]: the basicidea . . . . . ... ... ..
Afactoring alPotthm « < o s 5 0w von v v o w E e oE s
Frobenius’ and Chebotarev’s density theorems . . . .. ... ..
HetgSL BEONE & »« & o viw s 5 0 0 5 w5 6 % % 6 e & s 9 K o
Multifactor Hensel lifting : . - < o o v 6 0 6 mm o o 5 0 40
Factoring using Hensel lifting: Zassenhaus’ algorithm . . . . . .
INDIEMERONE : o & & 5 haia 08 3 B Wik a6 ahA W
IO o ¢ w0 somom = @ 0w 0 s a0 30 % W56 6 RN B R i B
EREICIREN | ¢ 5 s 2 vt w8 o i e e g e e st

16 Short vectors in lattices

16.1
16.2
16.3
16.4
16.5
16.6

FBMHCEeS o v v s v i % s S 0B A e s aa T E e T s AE
Lenstra, Lenstra and Lovdsz’ basis reduction algorithm . . . . .
Cost estimate for basisreduction . . . . ... ..........
Promshort veCtorS 60 TaCtONS < « « v v v o v w n inw s 6w 5w o
A polynomial-time factoring algorithm for Z[x| . . . . .. .. ..
Factoring multivariate polynomials . . . . ... .........
i e RN S S S S R SO IR S o SFREE
EEREHOIRES! . o s e o5 10 © 6 B SRR B W R R e R T

359
359
363
368
368

37

377
377
380
382
389
392
393
398
401

. 406

412
417
422

433
433
435
441

450
453
461

467



Contents

17 Applications of basis reduction

Breaking knapsack-type cryptosystems . . . ... ... .....
Prendorandom nUmMbBRES: . . v o v o e vone w s e m e a e
Simultaneous Diophantine approximation . . . . . ... ... ..
Disproof of Mertens ™ Comjectiare . . v o v o 4 & e o e 5w e e

17.1
17.2
17.3
174

Notes . .
Exercises

IV Fermat

18 Primality testing

Multiplicative order of integers . . . . . .. ...........
IREFEAAE IR : & = o st v w5 5 5 9% 5% ¥ 5 6 bt e e E R e
The sirong prendoprinialitytest o o e o 'bs 0l sl o b o B s
BGInoprimEs = g Seam ol B sl e
The Solovay and StFassentest . . ; <o v s v a5 v s v v 5855
Piimnahity tests for special nuibers oo v w5 5 5 ot w0 v 0w owiens

19

20

18.1
18.2
183
18.4
18.5
18.6

Notes . .
Exercises

Factoring integers

FaptofZatonehallenDBs 1 & o @ modns 5 0w §wsdhE 6 4 R
THALAIVISION & 5« 2 aivis 4 5 5 58 Gii 65 5 B il & a5 .
Pollard’s and Strassen’smethod < ;oo v 2w < 5 wis w3 5 5565504
Pl et RO .o e o 5 & 3l ot 51§ A S Sy g6 T
Dixon’s random squaresmethod . . . . . . .. ... .. ... ..
Pollard’s p—1 method. 5 ¢ s v s 5 mm s v 5 5 0% &5 5 5 e @
Lenstra’s ellipticcurvemethod . . . . . ... ... .. 0.

19.1
19.2
19.3
19.4
19.5
19.6
19.7

Notes . .
Exercises

..............................

Application: Public key cryptography

(CIUPIERYRICING: [ 62 e 58 I Bash o0 Sooswt i3 B 908 30 kbt m o s
TDERSACIVDIOSYRICIE o 2o 5 s o5 5 4 & & 0 00t 0 0 P& st
The Diffie-Hellman key exchange protocol . . . . ... ... ..
‘The ElGamal Gryptosystenm: . . & w os w4 a5 e s o8 5 & o s
Rabin’s ctyplOSYSIEIN .. v s = 0 5 sooin 5w o o 0 miei 6 & 0 3 cuen 8
EIIpHE curve SYSIEIMS s o = & 6 5 e i o 5 BaRneiorss sus S i

20.1
20.2
20.3
20.4
20.5
20.6

Notes . .
Exercises

xi

503
503
505
505
508
509
509

511

517
517
519
520
323
529
530
531
534

541
541
543
544
545
549
557
557
567
569

573
373
576
578
579
579
580
580
580



xii Contents

V Hilbert 585
21 Gribner bases 591
R0 TONROMALIACAIS: . o . . « v o 5 v e s e e e s e e 591
21.2 Monomial orders and multivariate division with remainder . . . . 595
21.3 Monomial ideals and Hilbert’s basis theorem . . . ... ... .. 601
21.4 Grobner bases and S-polynomials . . . .. ............ 604
1 TR s RIGOPIIN . o o v @ s e s e e R s 608
21,6 Ceomstricapplications . . « & o v v v 5 ¢ 0 5= 65 0 00 5 p s s 612
21.7 The complexity of computing Grobnerbases . . . .. ... ... 616
R Il T B i dnd & W08 dod W8 el ol e 1 617
R A P Py S oS S S I 619

22 Symbolic integration 623
Rt ANBOICERVAIEEDIR 5o v v v v 6 e b v e e e G R e 623
o el T BT T R S S 625
22.3 The method of Lazard, Rioboo, Rothstein, and Trager . . .. .. 627
22.4 Hyperexponential integration: Almkvist & Zeilberger’s algorithm 632
L R T S - By SRR Ry 640

T R RS A T O A e 641

23 Symbolic summation 645
23:1 Polviomial summation . . .« « s o 0 @ 6 5 sieie & 8 e e e 645
Tr0 NREORIS TR . o v 5 5 s v v on N @ R 650
23.3 Greatest factorial factorization . . . . v . o .o o v w e a 653
23.4 Hypergeometric summation: Gosper’s algorithm . . . . ... .. 658
L R A O R L S ¥ o o O 669

|2y e R Ve DY R st (SRS 1 T B S T 671

24 Applications 677
L. SN PIOOE BYREEITE o » + « & s wooie v o m % 8 @ @un 5w Woa e e 677
s (EERYEEE i ;o s e b E N el R R R e T e s & 679
243 Proving identities and analysis of algorithms . . . . ... .. .. 681
24 Cyclohexanerevigited . . . .o v vow v i mtae i v v 685
S R R T U S P 697

ERREE N -5 2 5 5 e R et a5 e Lo il 698
Appendix 701
25 Fundamental concepts 703
L T T S L 703

i R R B R 705




Contents xiii

253 Polynomalsandfields . « . i s s vs s ms i s B s 708
234 FiniteBelds . o o o v v 0 w5 w womon kw8 8 5 w8 8 R woss e 711
27> Lincavalgehi® & : cv v crinnne dae DBt a4 s s ws s 713
256 Fioite probability BOMEEE: . & o o« oeile 6w 8ok @ v w6 B s s 717
237 “"BigOB"nol8Hon i svss ins v s s e e E e 720
23,8 Complextty BORY « o s w « a ooains o w8 5 Sowes % @ 9 % e & 721

Notes oo 85 8 2m e 9 ms A sae ES S e 8% Baee & 724
Soureas ol HIstPOnal 1 . 0.« 2@ 4 5 il B v 5w ke . 725
SORrCE oI quotalions « . 265 5 v s aw s e e sl W W s 725
N 0L BIRECHINEE " o5 e s 58 G s ek oo i I o0 R €L 6 8 TR e 730
Lol fomes @ BBIEE o5 oo 03 @ v i i 6 08 5 ¥ B 3 B s 732
BEARTROEBE st s v wae » Aiwod &6 3 S burbesnal SRR e Al = s + 734
LIE ST 000N & 5o v w pios » 576 & 0o0ie 8 RN Bv e e s 768
TOBE o wvve o oo 3 B 5 & a0 swhaun o & SR B b ¥ o s o 769

Keeping up to date

Addenda and corrigenda, comments, solutions to selected exercises, and
ordering information can be found on the book’s web page:

http://cosec.bit.uni-bonn.de/science/mca/




